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1. Introduction. The classical Mostow rigidity theorem states that if X and Y are two irreducible 
symmetric spaces with nonpositive sectional curvature and dimension > 2, and G is a group acting 
properly and cocompactly on both X and V, then X and Y are equivariantly isometric (after 
rescaling of the metrics) . In this paper we consider the same question for a class of singular spaces 
— Fuchsian buildings. 

Let R be a convex compact polygon in the hyperbolic plane whose angles are of the form n/m, 
m 6 Z, m > 2. The group generated by the reflections about the edges of R is a Coxeter group 
W, and W(R) is a tessellation of the hyperbolic plane. The hyperbolic plane equipped with such a 
tessellation is the Coxeter complex of W . A two dimensional hyperbolic building A with chamber R 
(see Section |21 for the definition) is a piecewise hyperbolic 2-complex which has nice local structure 
and contains plenty of subcomplexes isomorphic to the Coxeter complex. Each 2-cell of A is isometric 
to R and is called a chamber. Each subcomplex of A isomorphic to the Coxeter complex is called 
an apartment. In particular, any two chambers of A are contained in a common apartment. A 
with the path metric is a CAT(-T) space. Each geodesic in A is also contained in an apartment. 
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The vertex links of A are generalized polygons (see or Section |2J). There is a combinatorial map 
/ : A — » R such that the restriction of / to each chamber is an isomorphism. A two dimensional 
hyperbolic building A is a Fuchsian building if for each edge e of R there is an integer q e > 2 such 
that any edge of A that is mapped to e under / is contained in exactly q e + 1 chambers. 

Theorem 1.1. Let Ai, A2 be two Fuchsian buildings, and G a group acting properly and cocompactly 
on both Ai and A2. Then Ai and A2 are equivariantly isomorphic. 

One cannot claim that Ai and A2 are equivariantly isometric as in the classical case. Two convex 
compact polygons R\ and R2 in the hyperbolic plane are said to be angle-preserving isomorphic if 
there is a combinatorial isomorphism from R\ to R2 that preserves the angles at the vertices. Let A 
be a Fuchsian building with chamber R, and R' a polygon angle-preserving isomorphic to R. Then 
it is not hard to see that one obtains a Fuchsian building A' by replacing each chamber of A by a 
copy of R'. The building A' is clearly isomorphic to A, but is not isometric to A when R and R' 
are not isometric. A convex compact polygon P is called normal if it has an inscribed circle that 
touches all its edges. By a result in A. Beardon's book (see |Bea| . theorem 7.16.2.) each convex 
compact polygon P is angle-preserving isomorphic to a unique normal polygon P' . Theorem ll.ll can 
be restated as follows. 

Theorem 1.2. Let Ai, A2 be two Fuchsian buildings whose chambers are normal, and G a group 
acting properly and cocompactly on both Ai and A 2 . Then Ai and A 2 are equivariantly isometric. 

Our proof of Theorem ll . ll uses D. Sullivan's approach ( S2 ) to Mostow rigidity and M. Bourdon's 
work ( Bol , Bo2 ) on Fuchsian buildings. D. Sullivan's approach has also been used by M. Bourdon 
f lBolp to establish Mostow rigidity for right angled Fuchsian buildings. 

There are two steps in D. Sullivan's approach. First notice that under the conditions of Theorem 
11.11 there is an equivariant homeomorphism h : dAi — > 9A2 between the ideal boundaries. In the 
first step one needs to show that there are conformal measures on dA± and 9A2 such that they have 
the same dimension and h is nonsingular with respect to the conformal measures(that is, A C dAi 
has measure if and only if h(A) has measure 0). D. Sullivan's ergodic argument then shows that h 
preserves the cross ratio almost everywhere with respect to the conformal measures. In the second 
step one needs to establish the implication "h preserves the cross ratio almost everywhere" => "h 
extends to an isomorphism from Ai to A2". Step one has been established by M. Bourdon f |Bo2| V 
He constructed combinatorial metrics on the ideal boundaries of Fuchsian buildings. The confor- 
mal measures on the ideal boundaries are the Hausdorff measures of the combinatorial metrics. 
M. Bourdon computed the Hausdorff dimension of the combinatorial metric and showed that the 
combinatorial metric realized the conformal dimension. In this paper we establish the second step. 

Theorem 1.3. Let A±, A2 be two Fuchsian buildings, and h : dA\ — > dA2 a homeomorphism that 
preserves the combinatorial cross ratio almost everywhere. Then h extends to an isomorphism from 
Ai to A2, that is, there is an isomorphism f : A\ — > A2 such that h agrees with the boundary map 



There is a much stronger rigidity problem concerning Fuchsian buildings. In fact M. Bourdon 
and H. Pajot (' [EPl] ) have the following quasi-isometric rigidity conjecture. 

Conjecture 1.4. Let Ai, A2 be two Fuchsian buildings whose chambers are normal. Then any 
quasi-isometry f : A\ — > A2 lies at a finite distance from an isometry. 

M. Bourdon and H. Pajot ( |BP2| ) have established this conjecture when the chambers of Ai, 
A2 are right angled regular polygons. Recently B. Kleiner has informed the author of his new result 
on the quasiconformal group of a Q-regular, Q-Loewner space. By an argument of M. Bourdon and 
H. Pajot ( BP2 ), this result and Theorem 11.31 imply that Conjecture II .41 holds. 

We next explain the proof of Theorem 1 1.31 
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Let h : <9Ai — > 9A2 be a homeomorphism that preserves the combinatorial cross ratio (see 
Section 13.31 for definition) almost everywhere. It is not hard to show that for £, 77 in the ideal 
boundary of a Fuchsian building A, whether £77 is contained in the 1-skeleton can be detected by 
the behavior of the combinatorial cross ratio (see Lemma [3.1 It follows that if £77 (£,77 £ <9Ai) 
is a geodesic contained in the 1-skeleton of Ai, then h(£)h(rf) is contained in the 1-skeleton of A2. 
We call h(£)h(r]) the image of £77. The key is to show that for any fixed vertex v £ Ax, the images 
of all the geodesies in the 1-skeleton of Ai through v intersect in a unique vertex w in A2. Then 
it is not hard to see that the map v — > w is a 1-to-l map between the vertices that extend to an 
isomorphism from Ai to A 2 . One first needs to show that if ci, c 2 are two intersecting geodesies 
contained in the 1-skeleton of an apartment of Ai then their images intersect in a vertex. 

Let A be a Fuchsian building, and 77 £ OA a point represented by a ray a : [0, 00) — > A contained 
in the 1-skeleton. Let £1,^2 £ A U <9A — {77} be such that £177 (~l a = H a = cf). We parameterize 
£,•77 [i = 1,2) by <7j : h — > A (7, C (—00,00)) such that crj(£) and a(t) lie on the same horosphere 
centered at 77. Since A is CAT(— 1), we have d((Ti(t),a(t)) — ► as t — > 00. We say £1 and £2 at 
different sides of rj if <7i(£) and azit) lie in different chambers for all i. 

Definition 1.5. Let £1 , £2 , ?7i , ?72 £ 9 A be pairwise distinct such that the geodesies £,i£,2, V1V2 are 
contained in the 1-skeleton. We say the two geodesies £1^2, V1V2 are ot different sides if £1,^2 he at 
different sides of 77^ [i = 1, 2) and 771, 772 lie at different sides of £j (i = 1, 2). 

A crucial lemma (see Lemma l3.12|l says that for £1,^2 £ d A and 77 £ 9 A represented by a 
geodesic ray a : [0, 00) — * A contained in the 1-skeleton with ^77 n a — £ 2 ?7 H a — cf>, whether £ 1; 
£2 he at different sides of 77 can be detected by the combinatorial cross ratio. It follows that for 
£ij £2, ?7i, V2 £ 9Ai, the two geodesies £1^2, 771^72 are at different sides if and only if their images are 
at different sides. In particular it implies that the images of two intersecting geodesies contained 
in the 1-skeleton of an apartment of Ai are at different sides. It turns out that in most cases, two 
geodesies at different sides must intersect in a point. 

Let us see what happens if two geodesies at different sides are disjoint. Let £1^2, 171 '772 be two 
such geodesies. Continuity argument shows that for each i = 1, 2 there are X4 £ £1^2, Vi £ V1V2 such 
that XiT/i (~1 771772 and y^i n £1^2 are geodesic rays. This gives rise to triangles and quadrilaterals 
that are contained in the 1-skeleton. Hence we are led to consider triangles and quadrilaterals that 
are contained in the 1-skeleton. Each such triangle or quadrilateral must bound a topological disk 
which is the union of a finite number of chambers (see Section EJ). Then Gauss-Bonnet implies that 
there are only a few such triangles and quadrilaterals. For instance, there is no such triangle or 
quadrilateral when the chamber of A has at least 5 edges, that is, k > 5. Hence in this case two 
geodesies at different sides must intersect in a point. The same is true when the chamber is not a 
right triangle. The right triangle case is more involved, and it is indeed possible to have disjoint 
geodesies that are at different sides. But two disjoint geodesies that are at different sides in A2 
cannot occur as the images of two intersecting geodesies contained in a common apartment of Ai. 
For the proof one needs to use some special properties of vertex links, which are generalized polygons. 

The proof of Theorem 1 1.31 is relatively simple when the chambers of Ai and A2 have at least 5 
edges, please see Remark 1531 

The paper is organized as follows. In Section[21we recall the definition of Fuchsian buildings and 
some facts concerning generalized polygons. In Section[3]we recall combinatorial cross ratio defined 
on the ideal boundary of a Fuchsian building, and show that two important geometric properties can 
be detected by the behavior of the combinatorial cross ratio. In Section 0] we review D. Sullivan's 
approach to Mostow rigidity and M. Bourdon's work on Fuchsian buildings. In Section 03 we state 
the main facts about triangles and quadrilaterals that are contained in the 1-skeleton. The proofs 
of these results are contained in the last section ( Section I1U[1 to prevent a major disruption of the 
exposition. In Section H3 we give sufficient conditions for two geodesies to be at different sides and 
study the intersection of two geodesies at different sides. In Sections 7-9 we use the tools developed 
in the previous sections to show that the images of all the geodesies contained in the 1-skeleton of 
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Ai and through a fixed vertex of Ai intersect in a unique vertex. The proof is divided into three 
cases: when the chambers are not right triangles (Section [TJ; the chambers are right triangles but 
different from (2,3,8) (Section[5J|; the chambers are (2,3,8) (Section[5J). 

Acknowledgment. / would like to thank Bruce Kleiner for helpful discussions on the subject. I also 
appreciate the help from Martin Deraux, who created those beautiful hyperbolic tessellation pictures 
in Figures^ and\Q 

2. Fuchsian buildings. In this section we define Fuchsian buildings and review some facts about 
generalized polygons. Fuchsian buildings were introduced by M. Bourdon (Bo2 ). Our presentation 
closely follows |Bo2) . 

2.1. Convex polygons and reflections groups in H 2 . In this paper, R denotes a compact convex 
polygon in H 2 , whose angles are of the form 7r/m, m S N, m > 2, and W the Coxeter group 
generated by the reflections about the edges of R (see |M|. theorem IV.H.ll). 

We label the edges of R cyclically by {1}, {2}, • • • , {k} and the vertices by {1, 2}, • • • , {k — 
1, fc}, {k, 1} such that the edges i and i + 1 intersect at the vertex {i, i + 1}. The angle of R at the 
vertex {i, i + 1}, i € Z/fcZ, is denoted by 

a M+ i = 7r/m M+ i, with m i;i+ i € N, > 2. 

It is well-known that (see [M], theorem IV.H.ll) the images of R under W form a tessellation 
of H 2 and the quotient H 2 /VF equals R. It follows that there is a labeling of the edges and vertices 
of the tessellation that is W^-invariant and compatible with that of R. We let An be the obtained 
labeled 2-complex. 

Two convex compact polygons P\ and P2 in H 2 are angle-preserving isomorphic if there is a 
combinatorial isomorphism from P\ to Pi that preserves the angles at the vertices. A convex compact 
polygon P is called normal if it has an inscribed circle that touches all its edges. By a result in 
A. Beardon's book (see |Bea| . theorem 7.16.2.) each convex compact polygon P is angle-preserving 
isomorphic to a unique normal polygon P' . Notice that all compact triangles in H 2 are normal. We 
shall use (7711,777,2,7713) to denote the triangle (unique up to isometry) with angles ir /mi, 7r/m2 and 
71-/7773. 

2.2. 2-dimensional hyperbolic buildings. Let R be a fixed polygon as defined in Section 12.11 

Definition 2.1. Let A be a connected cellular 2-complex, whose edges and vertices are labeled 
by {1}, {2}, • ■ • , {k} and {1, 2}, ■ ■ • , {k — 1, k}, {k, 1} respectively, such that each 2-cell (called a 
chamber) is isomorphic to R as labeled 2-complexes. A is called a 2-dimensional hyperbolic building 
if it has a family of subcomplexes (called apartments) isomorphic to An (as labeled 2-complexes) 
with the following properties: 

(1) Given any two chambers, there is an apartment containing both; 

(2) For any two apartments A±, Ai that share a chamber, there is an isomorphism of labeled 2- 
complexes / : A\ — > Ai which pointwise fixes A\ n Ai. 

A is called a Fuchsian building if in addition, there are integers > 2, i = 1, 2, • • • , k such that 
each edge of A labeled by i is contained in exactly q. L + 1 chambers. 

Let A be a 2-dimensional hyperbolic building, A an apartment and C C A a chamber. The 
retraction onto A centered at C is a label-preserving cellular map va,c '■ A — > A defined as follows. 
For any chamber C" of A, choose an apartment A' containing both C and C . Since An A' contains 
C, there is a label-preserving isomorphism / : A' — > A that pointwise fixes A f) A' D C. Set 
r A,c\c = f\c- One checks that rA.c is well-defined. 

Since a chamber is label-preserving isomorphic to R, there is a metric on each chamber making 
it isometric to R and we can glue the chambers together along the edges by isometries. We equip 
A with the path metric. Then A is a CAT(— 1) space (see |BH| for definition) and in particular a 
Gromov hyperbolic space. The boundary at infinity <9A is homeomorphic to the Menger curve (see 
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[Ben) ). Each apartment is a convex subset of A. Since the limits of apartments are apartments, the 
local finiteness of Fuchsian buildings implies that any geodesic in a Fuchsian building is contained 
in an apartment. 

Let A be a Fuchsian building. By Section [2.31 below. m.^ i+1 £ {2,3,4,6,8}; ft = ft + i if 
m M+ i = 3, and ft ^ q i+1 if m iji+ i = 8. 

Let A be a Fuchsian building, and A C A an apartment of A. A wall in A is a complete geodesic 
contained in the 1-skeleton of A. Let W be a wall of A, v £ W a vertex and ei,e2 C W the two 
edges of W containing v. By assumption the vertex v is labeled by + 1} for some i. If m^j+i 
is even, then ei, e2 are both labeled by i or both labeled by i + 1. If m^i+i = 3, then one of ei, e2 
is labeled by i, the other is labeled by i + 1 and ft = ft+i. In any case, the number of chambers 
containing e\ equals the number of chambers containing e^. It follows that there is some i, 1 < i < k 
such that each edge in W is contained in exactly qi + 1 chambers. For any wall W and any edge 
e C W, we set 1(e) — 1{W) = log ft if e is labeled by i. 

Let C, C" be two chambers. A gallery from C to C" with length n is a sequence Q — (Co = 
C, e\, Ci, • • • , Cj_i, e^, C • • • , C n _i, e n , C„ = C"), where each Ci is a chamber and e^-i is a common 
edge of Ci-i and Ci. Notice that here we allow Ci-\ and Ci to be the same. A gallery is minimal 
if it has the smallest length among all galleries from C to C . We define l(Q) — l(e\) + ■ ■ ■ + l(e n ). 

Let A be an apartment and C, C C A two chambers. A wall W C A is said to separate C and 
C if the interiors of C and C lie in different components of A — W. Let WU(C, C") be the set of 
walls in A separating C and C . Note that each gallery in A from C to C" must cross each wall in 
Wa{C, C) at least once. On the other hand, it is easy to find a gallery from C to C that crosses 
each wall in Wa(C, C) exactly once as follows. Pick generic points x £ interior(C), y £ interior(C') 
such that xy does not contain any vertices. Then we obtain a gallery Q x ,y from C to C by recording 
in linear order the chambers and edges intersected by xy. Convexity implies that xy intersects each 
wall in Wa(C,C) at exactly one point, and so the gallery crosses each wall in Wa{C, C) exactly 
once. 

Finally let us remark that there are uncountably many isomorphism classes of Fuchsian buildings 
( [(tP| ). There are also many constructions of Fuchsian buildings admitting proper and cocompact 
group actions: complexes of groups f |Bo2| . |GP| 1. ramified coverings of Euclidean buildings, blue- 
prints of Ronan-Tits ( jRTj ) . etc. 

2.3. Generalized polygons and vertex links. The reader is referred to [E] (chapter 3) and [Tj (section 
3) for more details on the material in this subsection. 

Generalized polygons are also called rank two spherical buildings. Let L be a connected graph 
whose vertices are colored black and white such that the two vertices of each edge always have 
different colors. L is called a generalized m-gon (m £ N, m > 2) if it has the following properties: 

(1) Given any two edges, there is a circuit with combinatorial length 2m containing both; 

(2) For two circuits A\, Ai of combinatorial length 2m that share an edge, there is an isomorphism 
/ : A\ — > A2 that pointwise fixes A\ l~l ^2 • 

When L is a generalized m-gon, an edge is called a chamber and a circuit with combinatorial length 
2m is called an apartment. Two vertices of the same color are often said to have the same type. A 
theorem of Feit-Higman (0, p. 30) says that if L is a finite generalized m-polygon, then m belongs 
to {2,3,4,6,8}. 

A generalized m-gon is thick if each vertex is contained in at least 3 chambers. Given a thick 
generalized m-gon L, there are integers s, t > 2 such that each black vertex is contained in exactly 
s + 1 chambers and each white vertex is contained in exactly t+1 chambers (see p. 29 of [E]). In 
this case, we say L has parameters (s,t). It is known that s = t when m is odd (p. 29 of R ), and 
s^t when m = 8 (see |FH] L 

Let L be a generalized m-gon. We put a metric on each edge such that it is isomeric to the 
closed interval with length ir/m. Note that all the apartments have length w. We equip L with 
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the path metric. Then L becomes a CAT(l) space (see |BH| for definition). All the apartments are 
convex in L, that is, if A is an apartment and x, y G A with d(x, y) < tt, then the geodesic segment 
xy also lies in A. It follows that if two apartments Ai, A2 share a chamber, then either A\ = A2 or 
A\ n A 2 is a segment. 

An injective edge path with combinatorial length m in a generalized m-gon is called a half 
apartment. 

Lemma 2.2. Let L be a thick generalized m-gon, and A, A' two apartments in L. Then there is a 
finite sequence of apartments Aq = A, Ax, ■ ■ • , A n = A' such that Ai n Ai + \ (0 < i < n — 1) is a half 
apartment. 

Proof. Let e C A, e' C A' be two chambers. By considering an apartment containing e and e', we 
may assume An A' is a segment with combinatorial length I, 1 < I < m. If I — m, we are done. 
Assume I < m. We claim in this case there is an apartment A" such that A n A" and ^4' (~1 A" have 
combinatorial length > I. The lemma clearly follows from the claim. Let vi, v 2 be the endpoints of 
the segment A H A' , ei C A the edge of A incident to v\ but not contained in A n A 1 and e2 C A 1 
the edge of A' incident to v 2 but not contained in An A'. Let A" be an apartment containing e\ 
and e 2 . The convexity of apartments implies An A' C A" , and the claim follows. 

□ 

Two vertices of a generalized m-gon are opposite if the combinatorial distance between them is 

rn. 

Proposition 2.3. (|T|, p. 57) Let L be a thick generalized m-gon with m — 3,4 or 5. Then for any 
apartment A, there is a vertex opposite to all the vertices in A of the same type. 

Proposition 2.4. p. 55) Let L be a thick generalized polygon. Then for any two vertices V\, v 2 
of the same type, there is a vertex v G L opposite to both v\ and v 2 ■ 

Let A be a Fuchsian building and v G A a vertex labeled by {i, i + 1}. The link Link(A, v) is 
a graph defined as follows. The vertex set of Link(A, v) is in 1-to-l correspondence with the set of 
edges of A incident to v. Two vertices of Link(A,?;) are connected by an edge if the edges of A 
corresponding to the two vertices are contained in a common chamber of A. A vertex of Link(A, v) 
is black if the corresponding edge in A is labeled by i, and is white if the corresponding edge in A 
is labeled by i + 1. Then it follows from the definitions that Link(A,w) is a finite thick generalized 
m M+ i-gon with parameters <fe+i). Consequently, m M+1 G {2,3,4,6,8}; q l = q l+1 if m M+1 = 3, 
and q t ^ q l+1 if m M+1 = 8. 

3. Combinatorial cross ratio. In this section we study combinatorial cross ratio on the ideal 
boundary of a Fuchsian building, and discuss two geometric properties that can be detected by 
combinatorial cross ratio. Combinatorial cross ratio was introduced and studied by M. Bourdon 
f |Bol| . |Bo2p . Our definitions are slightly different from M. Bourdon's in that we only use vertices 
in the dual graph. 

3.1. Dual graph. Let A be a Fuchsian building. The dual graph Qa of A is a metric graph defined 
as follows. The vertex set of Qa is in 1-to-l correspondence with the set of chambers of A. Two 
vertices of Qa are connected by an edge with length log qi if the corresponding chambers in A share 
an edge labeled by i. We equip Qa with the path metric, and denote the distance between x, y G Qa 
by \x — y\. Qa is clearly quasi-isometric to A, hence is Gromov hyperbolic and OQa = dA. 

Abusing notation, for any chamber C, we shall also use C to denote the corresponding vertex 
in Qa- 

Lemma 3.1. Let C , C be two chambers and A an apartment containing both. Then \C — C'\ = 
^weWA(C,C')l{W). Furthermore, if ui' is an edge path in Qa from C to C with length > \C — C'\, 
then length{uj r ) > \C — C'\ + logg^ for some i. 
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Proof. Let ui be a shortest path in Ga from C to C". The path w gives rise to a gallery C? w in A 
from C to C" with l(Gu>) = \C — C'\. Let Q' u = rA,c{G^)- Since ta,C is label-preserving, 5^ is a 
gallery in A from C to C" with = 1{QJ). On the other hand, for generic points x G C, y G C", 

xy does not contain any vertices and Gx,y is a minimal gallery in A from C to C". It follows that 
l(Gx,y) < KG' U )- ^ is clear that C? X)2/ determines an edge path in Ga from C to C" such that 
length(w Xj j,) = l(Gx,y)- Now the minimality of to implies that \C— C'\ = l(Gx,y) = ^weW A (C,C')l(W)- 
Let u' be an edge path in Ga from C to C with length > \C — C'\, and denote Ga, u>' — ta,c{Gu')- 
Then Qa, ui' is a gallery in A from C to C' with 

K&w) = KGw) = length(^) >\C- C'\ = Zwew A (c,c>)l(W). 

Since Sax crosses each wall in Wa{C,C) at least once, there is some wall W of A such that 
1(Ga ui') contains the term l(W) in addition to all the terms in 52wew A (c c)KW)- Hence we have 
1(Ga^)>\C-C'\ + 1(W). 

□ 

Lemma 3.2. Let C, C be two chambers in A, and x G interior{C), y G interior(C). Let C\ — 
C, • ■ ■ , C n — C be the sequence of chambers in linear order with xy H interior(C\) ^ <j). Then the 
sequence C\ = C, ■ ■ ■ , C n — C defines a discrete geodesic in Ga in the following sense: \Ci 1 — Cj 3 | = 
\Ch ~ Ci 2 1 + \ c %2 - c i 3 1 f° r an V l<h<h<i3<n- 

Proof. Let A be an apartment containing C and C". Then the convexity of apartments implies 
that Ci C A for all i. By Lemma ETT1 we have \Ci 1 — Ci 3 \ = Y>wew MC - c . ^(W)^ \Qi ~ = 
Y<w€:W A( c- c )KW) and \Ci 2 — (7j 3 | = Y,wew A{c . a . Since the geodesic xy intersects the 

interiors of Ci 2 and Cj 3 , we see Y^A{Ci 1 ,d 3 ) is the disjoint union of V\ , A(d 1 ,Ci 2 ) an d W^(c i2i c i3 )- 
The lemma follows. 

□ 

3.2. Combinatorial Gromov product. Let C be a vertex of Ga- Recall the Gromov product of x G Ga 
and y G Ga based at C is defined by: {£|j/}c = Hi 3 ' - C\ + \y ~ C\ — \ x ~ vW- F° r £i 7 7 e = <95a, 
the combinatorial Gromov product of £ and 77 based at C is: 

{£\v}c = sup hminf^^oo^l^lc, 
where the supreme is taken over all sequences of vertices in Ga with {xi} — ► £, — » 77. 

A sequence {Ci} < ^ 1 C 5a of vertices is called a geodesic sequence starting from C\ if there is 
a geodesic ray a in A starting from the interior of C\ such that {Ci} is the sequence of chambers 
(in linear order) whose interiors have nonempty intersection with a. For £, 77 G 9A, the modified 
Gromov product of £ and 77 based at C is: 

{£ = sup liming j ^o^Cj I ZX,}c, 

where the supreme is taken over all geodesic sequences {C;} — > £, {.Dj} — > 77 starting from C. By 
definition, {Chic < {£l 7 ?}c always holds. 

A point £ G (9A is called a singular point if it is represented by a ray contained in the 1-skeleton. 
Otherwise £ G <9A is called a regular point. Let £? C 9A be the set of regular points in <9A. For 
x G A and £ G <9A, let c x ^ : [0, 00) — ► A denote the geodesic ray from x to £. Since the angles 
of a chamber belong to {7r/2, ir/3, tt/4, 7r/6, tt/8}, it is not hard to see that any ray representing a 
regular point cannot lie in a small neighborhood of the 1-skeleton: 

Lemma 3.3. There is some cq > depending only on A with the following property. For any £ G B , 
x G A and any a > 0, c^Qa, +00)) R (A — A r Co (A( 1 ))) ^ 0, where iV £o (A^ 1 )) is the (.^-neighborhood 
of the 1-skeleton A^ of A. 



□ 
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Lemma 3.4. Let £ 7^ n 6 <9A fee regular points. If {Ci} — > £, {-D?} — * ?7 a^e geodesic sequences 
starting from C , then there is some io > 1 such that {^\rj}' c = {Ci\Dj}c for all i,j > Zq. 

Proof. By Lemma l3~2l the sequences {Ci}, {Dj} are discrete geodesies in Qa- Triangle inequality 
implies that {CjJ-DjJc < {C l2 \D h } c for i x < h, ji < h- Suppose {d^Dj^c < {Ci 2 \D, J2 } c 
for some i\ < ia, ji < ]2- Let uj\ be a shortest path in 5 a from Ci 2 to C^, W2 be a shortest 
path from to Dj 1 and be a shortest path from Dj r to Dj 2 . Then length(w3 * U2 * oji) > 
|Cj 2 — -Dj 2 |. Now Lemma f3.ll implies that length(<x>3 * to 2 * loi) > |Q 2 — -Dj 2 1 + l°g<Zi f° r some i. 
Consequently {C i2 \Dj 2 } c > {C^l-D^jc + logqi. It follows that there is some integer a > 1 such 
that liminfi j^oojCilDjlc = {Cj|.Dj}c* for all i, j > a. 

Let {Cj'} — > £, {-Dj} — * n be two arbitrary geodesic sequences starting from C. The above 
paragraph shows that there is an integer b > 1 such that liming j^oolC^D^Ic = {C-\D'j}c for 
all i,j > b. By the definition of geodesic sequences, there are points x,x',y,y' G interior(C') such 
that {Ci}, {C'i}, {Dj}, and {Dj} are the sequences of chambers (in linear order) whose interiors 
have nonempty intersection with c X) £, c x i£, c y ^ and £V )?7 respectively. We reparameterize the 
geodesies c Xj £, c x /^, c y , v and c y i tV such that c x .^(t), c x /.^(t) lie on the same horosphere centered 
at £, and c y ^(t), c y i lV (t") lie on the same horosphere centered at r\. Since A is a CAT(— 1) space, 
d(c Xj f(t), c X '£ (t)) — > and d(c ytV (t),c y > tV (t)) — * as i — > +00. On the other hand, Lemma 13.31 
implies that there are arbitrarily large t, t' with c x .^(t) £ N €o (A^) and c y ^(t') £ N tQ (A^). It 
follows that there are i > a, j > a and i' > 6, j' > 6 with Ci = C v and Dj = Dj, . Consequently, 
liminf^^ool^l^lc = {C|,|£K,} C = {^l^ilc = liminf JJ _ 00 {C J |^} c and the lemma follows. 

□ 

Lemma 3.5. Let £,77 G 9A 6e regular points. Then {£,\r)}c = {S.lvYc- 

Proof. Let {2^} — > £, {2/7} — > 77 be two arbitrary sequences of vertices. We claim that {xi\yj}c — 
{£.\vYc f° r sufficiently large i and j. The lemma follows from the claim. 

Fix some x G interior(C) and let {Ck} and {£>;} be the geodesic sequences corresponding 
to the rays xt; and xr\ respectively. By Lemma 13.41 there is some i > 1 such that {Cl^lc = 
{Ck\Di}c for all k, I > io- Since £ is regular and the asymptotic distance between xt; and 
is 0, Lemma 13.31 implies that there is some k > io such that both xt; n (Ck — N^.(A^)) and 
£77 n (Ck — A^fo (A' 1 ')) are nonempty, where eo is as in Lemma |3.3I Similarly there is some I > io 
such that both xn n (Dj - (A^)) and £77 n (A - A^AW)) are nonempty. It follows that for 
sufficiently large i, j (so that Xi is sufficiently close to £ and yj is sufficiently close to 77), and any 
2/ G Xi, y' G j/j-, we have xx' n interior(Cfe) 7^ 0, x'y' n interior(Cfe) 7^ <f>, xy' fl interior(Z);) 7^ </>, and 
a;'j/' n interior(£>/) / ^. Now Lemma f!Ql implies that {xi\yj}c = {Ck\Di}c = {£,\ri}'c- 

□ 

A similar argument shows that the combinatorial Gromov product is locally constant on the set 
of regular points: 

Lemma 3.6. Let £, r\ G dA be regular points. Then there are neighborhoods U 3 V 3 rj such that 
{£W}c = {Z\r)}c for all ? G B HU , ?/ G B DV . 

□ 

The following result follows easily from Lemmas 13.51 13.41 and 13.21 

Lemma 3.7. Let C be a chamber and £1,^2 "= If H interior(C) 7^ cf>, then {£,i\£,2}c = 

teie 2 }t = o. 
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3.3. Combinatorial cross ratio. For a regular point (eB, we can define the Busemann function B^ 
as follows. Let £ E B, and C,D be chambers. Let {Ci} — > £ be a geodesic sequence starting from 
some chamber, and set 

Be(C,D)= lim (\D-d\-\C-d\). 

i — >-f oo 

Note that the triangle inequality implies that the limit exists. The arguments in the proofs of Lemma 
13. 51 and Lemma EPI show that B^(C, D) is independent of the choice of {Ci} and there is some i n > 1 
such that B $ (C,D) = \D-C^-\C-C t \ for alii > i . It follows that B 6 (C,E) = B $ (C,D)+B $ (D,E) 
for any three chambers C, D, E. It is also easy to see that B^(C, D) is locally constant as a function 
of regular points £: B^ (C, D) = B^(C, D) for all regular points £' sufficiently close to £. 

Next we look at how the combinatorial Gromov product changes when the base point changes. 

Lemma 3.8. Let E,E' be two chambers and £,77 E B. Then {£\t)}e' = {£\v}e + \B^{E,E') + 
\B n {E,E'). 

Proof. Let {Ci}, {Dj} be two geodesic sequences from E to £, r] respectively and {C-}, {Dj} be 
two geodesic sequences from E' to £, 77 respectively. Lemma 13.41 and the first paragraph of this 
subsection show that there is some io > 1 such that {£,\t]}e = {Ci\Dj}E, {£\v}e' — {C' k \D[}E', 
B^E,E') = \E'-Ci\ - \E-d\ and B V {E,E') = \E' - Dj\ - \E - Dj \ for all i,j,k,l > i . On the 
other hand, since £ and 77 are regular points, Lemma 13.31 implies that there are ki,l\ > io with 

Cjj = C' k and Dj 1 = D[ . Now the lemma follows. 

□ 



Lemma T3.8I ensures that the following definition is well-defined. 

Definition 3.9. Let £1, £2, ?7i, V2 E B be regular points that are pairwise distinct. The combinatorial 
cross ratio {£i£2?7i»72} is defined by: 

{ti&mm} = -{€i\vi}c - {&\m}c + {6l%}c + {&\vi}c 

where C is any chamber of A. 

Denote B* = {(£1, £2, £3, £4) : £i E -B, ^ £j for i ^ j}. Lemma l3~^l implies that combinatorial 
cross ratio is locally constant: {^WiV^} = {£i£2»7i?72} for all (££, £ 2 , ryi, r]' 2 ) E -B 4 sufficiently close 
10 ;£;.£,. '/!• //2; •. B 4 . 

We record the following simple lemma for later use. 

Lemma 3.10. Let e a A be an edge labeled byi,x£ interior(e) andC\,Ci two chambers containing 
e. Let £ E B be a regular point and C the chamber that contains the initial segment of xt;. Then 

(1) B € (C 1 ,C 2 ) = OifC?Ci,C 2 ; 

(2) B ( (d,C 2 ) =logg i ifC = C i; 

(3) B £ (Ci,Cr a j = -Iogg i ifC = C 2 . 

Proof. Let C" 7^ C be a chamber containing e. It is clear that c x ^ : [0, 00) — > A can be extended to 
a geodesic c : (— e, 00) — > A for some e > such that c(— e, 0) C interior(C'). Now the lemma follows 
from Lemma 13. 21 

□ 



3.4. Geometric properties detected by combinatorial cross ratio. In this section we discuss some 
geometric properties of a Fuchsian building that can be detected by the combinatorial cross ratio. 
The results here are crucial to the proof of Theorem 1 1.31 

Let £,77 E OA. The following result says that one can decide whether £77 lies in the 1-skeleton 
by looking at the behavior of the combinatorial cross ratio. 
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Lemma 3.11. Let £, 77 £ dA. 

(1) Suppose £77 2! A^. Then there are neighborhoods Uq 3 £, Vo 3 f] in dA such that {lii&ViVz} = 

for all £2,771, m) e s 4 n (c/ x t/ x f x Vo); 

(2) Suppose £77 C A^ 1 ). TVien given any neighborhoods Uq 3 Vo 3 T) in dA, there exist some 
integer i, 1 < i < fc, open subsets U, V C <9A and open subsets W\, W2 ClUxUxVxV with the 
following properties: £ £ [/ C f/o, 77 £ 1/ £ Vo,' {£i£2?7i?72} is an integral multiple of ^logqi for all 
(£1, £2, 771, 772) £B 4 n([/x[/xVxy); {Cl^m^} = -|log% /or a/Z (£1, £2, 771,772) G B 4 fWi, and 
U^i^} = for all (6,6,7?!,%) £ -B 4 W" 2 ■ 

Proof. (1). Suppose £77 is not contained in A' 1 ) . Then £77 intersects the interior of some chamber C. 
There are neighborhoods Uo 3 £ and Vq 3 77 such that £'77' meets the interior of C for all £' £ Uq, 
77' £ Vo. Then Lemmal3~?l implies that {CW}c = for all £' £ BnU , r/' £ SnVb- Now (1) follows. 

(2). Now suppose £77 is contained in A^ 1 '. Let e C £77 be an edge, which is labeled by some i. 
Given any neighborhoods Uq 3 £, Vo 3 n in dA, we choose open subsets U,V C OA with £ £ U £ Uo, 
77 G V C Vo such that for any £' £ [/ and 77' £ V, the geodesic £'77' either contains e or intersects 
the interior of some chamber containing e. Let C be a fixed chamber containing e, and £' G B DU, 
77' £ S (~1 V. Then there is some chamber C containing e with £'17' n interior(C') ^ </>. Lemma fri. 71 
implies that {^'|V}c — 0. On the other hand, Lemma l3 . 1 Ol shows that B^(C' , C) and B V >(C' , C) are 
integral multiples of logo;. It follows from Lemma I3~%1 that {CW}c is an integral multiple of ^logo^. 
Consequently {Ci^^i^} is an integral multiple of ^logqj for all (£1, £2, 171, 772) £ B 4 Ci(UxU xVxV). 

We claim there exist (£1, £2, ?7i, (£1, 6, %) 6 -B 4 n (C/ x [/ x V" x V) such that {£1 £2771772} = 
— iloggi and {£1 £2771772} — 0. Since the combinatorial cross ratio is locally constant, there are open 
subsets W\,W 2 cUxUxVxV with (£1, £2, »7i, %) £ Wi, (£1, £2, 771, 1J2) G W2 such that the 
combinatorial cross ratio is — ^logg^ on B n W\ and is on B A fl W2. We next prove the claim. 

Let A be an apartment containing £77. Denote by C\, C'2 the two chambers in A containing 
e, and C3 ^ C\,C2 some other chamber containing e. Let m be the midpoint of e. We choose 
£1 £ U n cL4, 77^ , 772 £ V n dA and £ 2 £ £/ with the following properties: 

(a) Ci contains the initial segments of m£j and 777,771, C2 contains the initial segment of 777,772, and 
C3 contains the initial segment of m£ 2 ; 

(b) Z m (£<,£) = Z m (77^,77) for all i,j = 1,2; 

(c) £(77^ n interior(Ci) ± (j). 

Notice (b) implies that m £ £(773, £ 2 77i, £ 2 ?7 2 . We can choose regular points £i,£2 £ U, 771,772 £ V 
sufficiently close to £i , £ 2 , ?7i , ??2 respectively such that the following conditions are satisfied: 

(I) CiVj n interior(C*i) + 4> (j = 1, 2), £2771 n interior(C*i) + (j>; 

(II) £2772 n interior(C* fc ) ^ (j) for k = 2, 3. 

By Lemma EZI{£i \Vj }d = {£2|?7i}ci = {£2|%}c 2 = 0. Notice (II) implies that £2772 n interior(e) ^ 
cj) and £2772 fl interior(Ci) = <f> since C2 U C3 is convex in A and e separates C2 from C3. It 
follows from Lemma lrt. 101 that B^{C2,C\) = and B m (C2,C\) — logg^. Now Lemma 13.81 implies 
that {£ 2 |t72}ci = 2" lo g°i- Consequently {£i£ 2 77iT72} = -|loggj. Finally if one chooses_£i, £2 £ U 
sufficiently close to £^, and also chooses 771, 572 £ V sufficiently close to 77^, then we have {£i£2f7i?72} = 
0. The proof is now complete. 

□ 

Let 77 £ dA be a singular point. Then 77 is represented by a ray a : [0, 00) — + A contained in 
AW. Let 6, £ 2 £ A U dA - {£} be such that £ X T7 n a = £ 2 ?7 n a = (j). We parameterize £,77 (i = 1, 2) 
by o"j : Ii — > A such that o"j(i) and cr(f) lie on the same horosphere centered at 77, where Jj C M is an 
interval. Since A is CAT(— 1), we have d(ai(t),cr(t)) — > as t — > 00. Fix a very large to such that 
cr(£o) is the midpoint of some edge e £ a. Then Oj(io) must lie in the interior of some chamber Ci 
containing e. We say £1 and £2 lie at different sides of 77 if C\ ^ C2, and say £1 and £2 Zie on the 
same side of n if C\ = C%. It is not hard to see that this definition is well-defined. 
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The following result says that, for a singular point 77 represented by a ray er : [0, 00) — > A 
contained in A^, and £i,£ 2 £ dA with ^77 C\ a — £ 2 77 H er = <j>, whether £ 2 lie at different sides 
of 77 can be detected by the combinatorial cross ratio. 

Lemma 3.12. Let 77 G dA be a singular point represented by a ray a : [0, 00) — > A contained in 
A W , and £1 , £ 2 G dA with ^77 n a = &r) C c = 0. 

(1) 7/£i and £2 ^e on i/ie same side 0/77, i/ien t/iere are pairwise disjoint open subsets U\, U%, Vi, V% C 
d A that satisfy the following conditions: £1 G U\, £ 2 G U%, r\ G V2; the combinatorial cross ratio is 
constant on B 4 n (Ui x C/ 2 x Vi x V2). 

(2) J/£i and £2 ^*e on different sides of n, then for any pairwise disjoint open subsets U±, U2, Vi, V2 C 
dA satisfying £1 G U\, £ 2 G U2, rj G V2, £/iere are open subsets Wi, W2 C C/i x [7 2 x Vi x V 2 and 
constants c\ ^ C2 swc/i i/iai: {£1^771 77 2 } = c i / or a ^ Vi? ^2) G B 4 n Wi and {(.[^Wi 7 !^} = c 2 

/or a/iteUW,^) eB 4 nw 2 . 

Proof. (1). Suppose £1, £2 he at the same side of 77. Then there is a chamber C that contains an 
edge e G o~ such that both £177 and £2?? intersect the interior of C. Then there are pairwise disjoint 
neighborhoods £7, 9 &(i = 1,2), V 3 r) such that for any £ B (lUi, £ 2 G B n C/ 2 and 77' G 5 n V, 
both ^77' and £^77' intersect the interior of C. Lemma [3.71 implies that {£i|7/'}c = {^IVIc = 0. 
Now choose disjoint open subsets V\, V2 C V such that 77 G V 2 . Then it follows from the definition 
that mWiV'2} = for all (£, & t£, r? 2 ) G B 4 (~l (f/i x C/ 2 x Vi x V 2 ). 

(2). Now suppose £1, £ 2 he at different sides of 77. We claim for any pairwise disjoint open 
subsets U 1 ,U 2l V 1 ,V 2 G dA satisfying £1 G Ui, £2 G C/ 2 , ?? 6 V2, there exist ^ G BflPi,^ G 
B n U 2 ,v'i e B n Vi and 77 2 , 77,' G B n V 2 such that {&&77W2} ? Let cj = {^2^}, 

c 2 = {£i£ 2 77i?7 2 }. Since the combinatorial cross ratio is locally constant, there are open subsets 
Wi,W 2 C Ui X U 2 X Vi X V 2 satisfying £ 2 , ri[, rf 2 ) G Wi, (£i,£ 2 ,??i,r7 2 ') e w 2 such that the 
combinatorial cross ratio takes the constant value Cj (i = 1, 2) on B 4 PI Wj. Next we prove the claim. 

Since £1, £2 he at different sides of 77, there are chambers C\ 7^ C2 both containing an edge 
e C a such that £$77 fl interior (Cj) ^ <j> (i = 1, 2). By shrinking the neighborhoods V2, f/i, C/2 we may 
assume £-77' n interior (Cj) ^ <j> (i = 1, 2) for all 77' G B n V2, ^ G B fl Ui. Lemma |3~7I implies that 
{^'iW}ci = 0. We fix some £■ G B n Ui(i = 1,2) and 77^ G Vi. By the definition of combinatorial 
cross ratio we only need to hnd 7? 2 ,77 2 G B n V 2 such that {£ 2 |?7 2 }ci {"^l^'lcv By Lemma 
{&W}ci = {W}c 2 + iB^(C 2 , d) + ±B V (C 2) d). B^(C 2 , d) is independent of n' and we have 
observed that {£ 2 |n'}c 2 = 0- Let m be the midpoint of e. For 77' G B D V2, the initial segment of 
m.77' could lie in Ci, C 2 or some other chamber C3 containing e. Lemma 13 . 1 01 shows that the values 
for B 7) /(C 2 ,Ci) are different in these three cases. Consequently the values of {Ci^WiV'} are also 
different, and the proof is complete. 

□ 

4. Sullivan's approach and Bourdon's work on Fuchsian buildings. In this section we review 
Bourdon's work on Fuchsian buildings and Sullivan's approach to Mostow rigidity. 

4.1. Combinatorial metrics on the boundary. Combinatorial metrics were introduced and studied 
by M. Bourdon f |Bol| . |Bo2p . Here we recall the definition and some facts about combinatorial 
metrics. Let Ar be the labeled 2-complex of Section |2~T1 and Ga h its dual graph. An edge of Ga r 
has length loggj if the corresponding chambers share an edge labeled by i. Let | • | be the induced 
path metric. For any integer n > 1, let a{n) be the number of vertices that are at distance at most 
n from a fixed vertex C of Qa r ■ The growth rate of Ga r is defined by: 

r = limsup — loga(n). 
n 

Let C be a chamber of A. For £ G d A and r > 0, we introduce the following subset of dA: 

Bc(€,r) - {7/ G dA : e^^Mc < r } 
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For a continuous path 7 in <9A, wc define 

= lim inf{Siri}, 

where the infimum is taken over all finite coverings {Bc((,i, rt)} of 7, with ^67 and 7^ < r. Finally, 
for £, 77 G dA we set 

fic{£,v) = inf 2(7)) 

where 7 varies over all continuous path in 3A from £ to 77. 

It is shown by M. Bourdon ( Bol , 3.1.4) that 8c defines a metric on dA and has the following 
property: there is a constant A > 1 such that 

l e -r«lu}o < Safari) < \e- T ^}c 
A 

for all f , 77 G 0A. 

We shall show that for any two chambers C, £>, the combinatorial metrics 8c and <$d arc 
conformally equivalent. We first recall the definition of conformal maps. 

Let / : X — > y be a homeomorphism between metric spaces. The map / is quasi- symmetric if 
there exists a homeomorphism : [0, 00) — > [0, 00) so that 

djcfoa) < M*(z,&) d Y (f (x) , f (a)) < cf>{t)d Y (f(x)J(b)) 

for all x,a,b G X and all i G [0, 00). 

Let / : X — > y be a homeomorphism between metric spaces. For any i£l and r > 0, let 

L f (x,r) = sup{d Y (f(x),f(x')) : d x {x,x) < r}, 

lf(x,r) = M{d Y (f(x),f(x')) : d x (x,x') > r}, 

T I \ V L f( X ' r ) 

Lf{x) = hmsup r _ >0 , 

l f (x) = ]im inf fell. 

Assume X and y have finite Hausdorff dimensions. Denote by Hx and H Y their Hausdorff di- 
mensions and by Hx and H Y their Hausdorff measures (see [F] for definitions). We say that / is 
conformal if / is quasi-symmetric and satisfies 

(i) Lf(x) = lf(x) € (0,oo) for Hjc -almost every x £ X; 

(ii) Lf-i(y) = lf-i(y) G (0, 00) for Hy-almost every y eY. 

Recall (see the proof of Lemma 2.2.7 in |Bo2| ) that for any chamber C, the set B has full 
Hs c -measure in <9A. 

Lemma 4.1. Lei C, 13 be two chambers of A. Then 8c and 8r> are conformally equivalent, that is, 
the identity map id : (<9A, 8c) — > (<9A, <5d) is a conformal map. Furthermore, for any regular point 
there is a neighborhood V of £ in dA such that #d(£, J?) = eT rB ^ c,D > Sc{^,fi) for all 77 G V. 

Proof. Triangle inequality implies — | C — D | < {£|??}c — {£I?7}d < \C — D\. Since for any chamber C , 
the combinatorial distance Sc>(£,,ri) is comparable with e~ T ^\ r )}c' ; W e see id : (dA,Sc) — * (dA,Sr>) 
is bi-Lipschitz, in particular, it is quasi-symmetric. 

We first assume C and D share an edge e. Then e is labeled by some i. Denote by m the 
midpoint of e. Let £ G 9 A be a regular point. The initial segment of m£ lies in C, D or some 
chamber E ^ C D containing e. Suppose the initial segment of m£ lies in C . Then there is a 
neighborhood U C A U <9A of £ such that the initial segment of 777,77 H es m C f° r all ?? G [/. All these 
geodesic rays (or segments) can be extended into D. It follows that \D — C'\ = \ogqt + \C — G'\ for all 
chambers C C U. Now it is clear that {t7i|77 2 }d = log<? J + {77i|77 2 }c for all 771,772 G UC\dA. It implies 
that for £' G UHdA and sufficiently small r > we have B D (£',r) = B c (£, re rlog «*)- The definition 
of <5 C now implies that 5 D (£, v) = e~ r log<? *<5 c (£, 77) for all 77 G UDdA. Note logg, = B^C, D). Hence 
<$£>(£, 77) = e- rB «( c ^'fc(e,77) for all 77 G [7 n dA, which shows L/(£) = Z/(f) = e ^ rB «( c '- D ). Here 
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/ = id : (dA,Sc) — » (dA,So)- Similarly one arrives at the same conclusion when the initial 
segment of m£ lies in D or some E ^ C,D. Since the regular set B has full 7i,5 c -measure in <9A, 
id : (dA,Sc) — > (8A,5d) is a conformal map. 

Now let C, D be two arbitrary chambers. Then 5c and 5q are still conformally equivalent 
since there exists a gallery from C to D. Since B^(Ci, C3) = B^(Ci, 0%) + B^(C 2 , C 3 ) holds for any 
S, E B and any three chambers Ci, C 2 , C 3 , the formula Sd(^,t}) = e~ TB ^ C ' D ^5c{^,T]) holds for all 77 
sufficiently close to £. 

□ 

If g : A — > A is an isometry, then it is clear that the induced map on the boundary g : 
(dA,5c) — » (9A,5 ff (c)) is an isometry for any chamber C. By Lemma PTT1 g : (dA,Sc) — ► (<9A,5c) 
is a conformal map and Sc(g(£,), gifl)) = e^ TB ^ c ' 9 1 ^ c ^5c{£,,r)) for any fixed regular point £ and 
all r\ in a small neighborhood of £. 

Since 5c and <5d are bi-Lipschitz, they have the same Hausdorff dimension. Let H be their 
common Hausdorff dimension. Let Tic be the Hausdorff measure of 5c- Lemma |4.1l implies that 
Tic and Hd are in the same measure class and Hd(£) = er HTB ^ C ' D " l 'Hc(£,) for all regular points £. 
If g : A — > A is an isometry, then we have g*T~Cc(£,) = e~ HrB ^ C ' 9 ^ c ''Tic(0- Hence the measures 
{Tic} are the so-called conformal measures with respect to Isom(A). 

4.2. Sullivan's approach. Let Ai, A2 be two Fuchsian buildings, and G a group acting properly and 
cocompactly on both Ai and A2. Then there is an equivariant homcomorphism h : dA\ — > dA 2 . 
There are two steps in Sullivan's approach. The first step is to show h preserves the combinatorial 
cross ratio almost everywhere (with respect to certain measures). The second step is to show the 
implication: "h preserves the combinatorial cross ratio almost everywhere" "h extends to an 
isomorphism from Ai to A2" . 

The measures appearing in Step 1 are the so-called conformal measures. In our case they are 
Hausdorff measures {"He} of the combinatorial metrics, as introduced in Section 14.11 Sullivan's 
crgodic arguments (see |S2| ) show that if the Hausdorff dimensions of the combinatorial metrics on 
<9Ai and dA 2 are the same and h is nonsingular with respect to the Hausdorff measures, then h 
preserves the combinatorial cross ratio almost everywhere with respect to the Hausdorff measures. 
Here u h is nonsingular" means a subset X C dA\ has measure if and only if h(X) has measure 0. 
Hence to complete Step I, one has to show 

(1) the Hausdorff dimensions of the combinatorial metrics on dA% and <9A 2 are the same; 

(2) h is nonsingular with respect to the Hausdorff measures. 

These two facts have been verified by M. Bourdon (see |BoI| . [Bo2]), and Step I is established. Step 
2 follows from Theorem lI.3l 

Remark 4.2. As mentioned at the beginning of Section|21our definitions of combinatorial cross ratio 
and combinatorial metric are slightly different from those of M. Bourdon since we only used vertices in 
the dual graph while M. Bourdon used the whole dual graph. Since the vertices form a net in the dual 
graph, our combinatorial cross ratio differs from M. Bourdon's by an additive constant that depend 
only on the building. It follows that the two combinatorial metrics are bi-Lipschitz equivalent with 
the Lipschitz constant depending only on the building, and the corresponding Hausdorff measures 
are in the same measure class. 

5. Triangles and quadrilaterals in the 1-skeleton. In this section we state the main results 
concerning triangles and quadrilaterals contained in the I-skeleton of A. Their proofs are somehow 
tedious and are contained in Section ITU1 

Let A be a Fuchsian building. A subset T C A is called a triangle if there are points x, y, z e A 
such that T = xy U yz U zx. In this case, we also use the notation T = {x, y, z). The three points 
x, y, z shall be called the corners of T, and xy, yz, zx called the sides of T. Similarly, we say a subset 
Q C A is a quadrilateral if there are x±, x 2 , x%, 14 £ A such that Q = x\x 2 U x 2 x-s U £3X4 U x/±X\. 
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We use the notation Q — (a;i, #2, £3, 2:4), and call Xi a corner of Q and XiXi+i a side of Q. We are 
mainly interested in triangles and quadrilaterals that are contained in the 1-skeleton of A. 

Let D C A be a finite subcomplex that is homeomorphic to a compact surface with boundary. 
A vertex v G D is a special point if v S interior(Z?) and length(Link(D, v)) > 27r, or v £ dD and 
length(Link(Z?, v)) > ir. The following result implies that each triangle in A^ bounds a convex 
disk. 

Proposition 5.1. Let A be a Fuchsian building and T C A^ a triangle that is homeomorphic to 
a circle. Then there is a finite subcomplex S(T) with the following properties: 

(1) S(T) is homeomorphic to a closed disk with boundary T; 

(2) S(T) has no special points. 

In particular, S(T) is convex in A. 

We list all the triangles in A^. Recall for integers 7711,7712,7713 > 2, (7771,7712,7773) denotes the 
triangle (unique up to isometry) in H 2 with angles ir/m\, ir/rri2 and 77/7713. 

Proposition 5.2. Let A be a Fuchsian building with chamber R, and T C A^ 1 ) a triangle homeo- 
morphic to a circle. 

(1) If R is not a triangle, then there is no triangle in A^ homeomorphic to a circle; 

(2) If R is a triangle with all angles < tt/2, then S(T) is a chamber; 

(3) If R = (2, mi, "72) with (mi, 7772) = (6, 6), (6, 8) or (8, 8), then S(T) is isomorphic to one of the 
labeled complexes in Figure^ 




(a) (b) (c) 

Figure 1. S{T) when R = (2,7771,7773) with (mi,m 2 ) = (6, 6), (6, 8) or (8,8) 
(4) // R = (2, 4, 6) or (2, 4, 8), then S(T) is isomorphic to one of the labeled complexes in Figure 




2 3 
(a) (b) (c) (d) 

Figure 2. S(T) when R = (2, 4, m) with 777 = 6 or 8 

(5) If R = (2,3,8), then S(T) is isomorphic to one of the labeled complexes in Figure^ 

We let Aq denote the area of a chamber. For any quadrilateral Q = (xi, X2, £3, £4), let S(Q) = 
T,f =1 Z Xi (xi-i,Xi+i) be the sum of angles at the 4 corners of Q. 

Proposition 5.3. Let A be a Fuchsian building, and Q C A*- 1 ) a quadrilateral homeomorphic to a 
circle. Then there is a finite subcomplex S(Q) with the following properties: 

(1) S(Q) is homeomorphic to a closed disk with boundary Q; 

(2) 2tt > S(Q) + 7i(Q)ylo, where n(Q) is the number of chambers in S(Q). 
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(a) (b) (c) (d) 




2. 



(e) (f) (g) (h) 

Figure 3. S(T) when R = (2,3,8) 

Recall the chamber R is a compact convex fc-gon in H 2 . We let ao be the smallest angle of R. 
Note A > 7r / '2 if k > 5. There are only 6 right triangles that can occur as the chambers of Fuchsian 
buildings: (2,8,8), (2,6,6), (2,6,8), (2,4,6), (2,4,8), (2,3,8). Their areas are respectively: tt/4, 
tt/6, 5tt/24, tt/12, tt/8, tt/24. 

Corollary 5.4. Let A be a Fuchsian building whose chamber R is a k-gon with k > 5, and Q C A' 1 ' 
a quadrilateral. Then Q is not homeomorphic to a circle. 

Proof. Suppose Q is homeomorphic to a circle. Since R is a A:-gon with k > 5 and all its angles are 
< 7r/2, we have Aq > n — ag. Proposition 15 . 31 implies 2tt > 4ao + n(Q)(n — ao). It is easy to verify 
that n(Q) < 1 for each of the cases ao = 7r/2, 7r/3, 7r/4, 7r/6, 7r/8, which means Q is the boundary of 
a chamber. This is a contradiction since Q is a quadrilateral and R is a A:-gon with k > 5. 

□ 

Recall for any vertex v S A, the link Link(A, v) is a generalized m-gon for some m > 2. We 
set m(v) = m if Link(A,u) is a generalized m-gon and say v is indexed by m(v). The vertices 
in Link(A, v) are divided into two types, and two vertices are of the same type if and only if the 
distance between them is an even multiple of n/m. Let vx,vy C A^ be two (nondegenerate) 
geodesies starting from v. The angle Z v (x, y) is called even if it is an even multiple of 7t/to, and is 
called odd if it is an odd multiple of 7r/m. Equivalently, Z v (x,y) is even if and only if the initial 
directions of vx and vy at v have the same type in Link(A,w). 

Corollary 5.5. Let A be a Fuchsian building with chamber R, and Q = (x,y,z,w) C AW a 
quadrilateral homeomorphic to a circle. Suppose Q has even angles at x and y, and xy contains at 
least two vertices in the interior. Then R = (2,3,8). 

Proof. Let vi ^ v 2 G interiorly) be two vertices with v\ 6 interior(xu 2 ). We count the chambers 
in S(Q) that intersect xy. There are at least m{v\) chambers (in S(Q)) incident to vi, at least 
m{v2) incident to but there might be one chamber incident to both v\ and v 2 . Since Q has 
an even angle at x 7 there are at least 2 chambers incident to x, but one of them could also be 
incident to v\. Similarly for y. Summarize, there are at least m{v\) + m{v2) + 1 chambers in 
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S(Q), that is, n(Q) > m(vi) + 777(712) + 1. In particular, n(Q) > 5 always holds. Also note 
S(Q) >4 J y + ^jy + ^y + ^yIn particular, E(Q) > 3^/4 always holds. 

We suppose i? 7^ (2,3,8) and will derive a contradiction from this. We consider several cases. 
Case 1: k > 5. In this case Aq > ir/2. Proposition 15.31 implies n(Q) < 2, contradicting to the fact 
n(Q) > 5. 

Case 2: k = 4. If ao = t/8, then Ao > 37r/8. Proposition 15 . 31 implies n(Q) < 3, contradiction. If 
oco = 7r/6, then Aq > tt/3 and E(Q) > 7r. Proposition 15.31 again implies n(Q) < 3. We similarly 
obtain contradictions when ao — tt/4 or ao = 7r/3. 

Below we will apply Proposition 15.31 without mentioning it. 
Case 3: R is a triangle with no right angle. In this case m(yi),m(v2) > 3 and we have n(Q) > 7. 
If ao = 7r/8, then Aq > 57r/24 and n(Q) < 6, contradiction. Similarly one obtains contradictions 
when o?o = 7r/6 or ao = 7r/4. 

Case 4: i? 7^ (2,3,8) is a right triangle. We only give the details for R = (2,4,6), the proofs for 
the other 4 cases are similar. So assume R = (2,4,6). In this case, Aq = tt/12. Consider any 
complete geodesic c containing xy. The vertices on c are alternatingly indexed by m\ and m 2 , where 
(toi, m 2 ) = (2, 6), (4, 6) or (2, 4). Notice none of x, y is indexed by 2, otherwise the quadrilateral is 
actually a triangle and one of its sides contains at least 4 edges, contradicting to Proposition 15.21 
First assume (7711,7712) = (2,4). Then m(x) = m(y) = 4 and n(Q) < 8. There is at least one vertex 
v G interiorly) indexed by 4. Also recall the angles of Q at x and y are even. It follows that there 
are at least 4 chambers in S(Q) incident to v and at least two chambers incident to each of x, y, for 
a total of 8. Hence S(Q) is exactly the union of these 8 chambers. But this union is a hexagon, not 
a quadrilateral. 

Next assume (777,1,7712) = (4,6). Suppose {m(x),m(y)} = {4,6}. Then n(Q) < 10. There are 
two vertices Vi, 1)2 £ interior (xy) with m(vi) — 6, m(v2) = 4. It follows that n(Q) > 6 + 4+1 = 11, 
contradiction. One similarly obtains contradictions when m(x) = m(y) — 4 or 6. 

Finally we assume (7771,7772) = (2,6). Then m(x) = m(y) = 6 and n(Q) < 12. There is at least 
one vertex v S interiorly) with 777(7;) = 6. We count chambers in S(Q) incident to vertices indexed 
by 6: (at least) 6 chambers incident to v, 2 incident to each of x, y. So n(Q) > 10. Proposition |^| 
implies the angles at x and y are ir/3 and none of the other two angles of Q is tt/2. It follows that 
the vertices on xw are alternatingly indexed by 2 and 6, and m(w) 7^ 2. Hence m(w) = 6. Similarly 
m(z) — 6. Notice interiorly;) contains exactly one vertex and so does interior(yz). There is (at 
least) one chamber in S(Q) incident to each of z, w. We have exhibited 12 chambers in S(Q). It 
follows that S(Q) is the union of these 12 chambers. However, one can check that this union is not 
a quadrilateral. 

□ 

Corollary 5.6. Let A be a Fuchsian building with chamber R, and Q = (x, y, z, w) C a 
quadrilateral homeomorphic to a circle. If Q has three even angles, then R is a right triangle. 

Proof. Suppose R is not a right triangle. We may assume the angles at x, y and z are even. We 
count the chambers in S(Q) that intersect xy: at least 2 chambers incident to x and y each, but 
there might be a chamber incident to both x and y. Hence n(Q) > 3. On the other hand, the 
assumption implies S(Q) > 7ao, where «o is the smallest angle of R. Recall R is a fc-gon. 

Case 1: k > 5. In this case, A > tt/2 and S(Q) > 7tt/8. Proposition 15.31 (2) implies n(Q) < 2, 
contradicting to the fact n(Q) > 3. 

Case 2: k = 4. As above, Proposition 15.31 (2) implies n(Q) < 2 if c\q = tt/6, 7r/4 or 7r/3. Assume 
= tt/8. Then n(Q) < 3. It follows that S(Q) is the union of the three chambers indicated in the 
first paragraph. However, this union is not a quadrilateral. 

Case 3: R is a triangle with no right angle. Then Proposition 15.31 (2) implies n(Q) < 5 in each 
of the cases: ao = tt/8, tt/6 or 7r/4. Let ao < Po < 70 < tt/3 be the three angles of R. We first 
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assume one of the segments xy, yz contains a vertex v in the interior, say v G interior (xy). Then 
m(v) > 3 and there are at least 3 chambers in S(Q) incident to v. On the other hand, there are 
at least two chambers in S(Q) incident to x, and at least one of them is distinct from the three 
chambers incident to v. Similarly there is at least one chamber in S(Q) incident to y and different 
from the three chambers incident to v. Combining with the observation n(Q) < 5, we see n(Q) = 5. 
However, the union of these 5 chambers is either a pentagon or a hexagon. The contradiction means 
xy and yz are edges in A. 

Since the angle at y is even, m(x) = m(z) holds. It implies that the sum of angles at x, y and z 
is > 2/3o + 4ao- Since the fourth angle of Q is > ao and Ao = tt — (ao + A) + 70) > 27r/3 — ao — A), 
Proposition |^| (2) implies 27r > 5ao + 2/3q + m(27r/3 — ao — AO- By using ao < 7r/4 and analyzing 
all the cases, one concludes that n(Q) < 3. Here we have a contradiction, as one can check that the 
union of three chambers can nerve be a quadrilateral with three even angles. 

□ 

6. Geodesies at different sides. In this section we discuss a condition ("being at different sides") 
on two geodesies that in most cases guarantees the two geodesies intersect. This notion is defined in 
Definition In Section RTT1 we give sufficient conditions for two geodesies to be at different sides. 
In Section lrT21 we show that in most cases two geodesies at different sides must intersect. 

6.1. Criterion for geodesies to be at different sides. Recall for each vertex v of A, the link Link(A, v) 
is a rank two spherical building. 

Definition 6.1. Let £1 , £2 , Vi 1 V2 G d A be such that the geodesies £1^2, 771772 are contained in the 1- 
skeleton and intersect at a single point v. We say £i£2 and 771772 are locally contained in an apartment 
if there is an apartment in Link(A,7j) that contains the four directions at v induced by £i£2 and 
T71772. 

Proposition 6.2. Suppose two geodesies £i£2 and 771772 are locally contained in an apartment and 
meet at a vertex v. Then £i£2, 771772 are at different sides if any one of the following conditions 
holds: 

(1) R is not a right triangle; 

(2) R ^ (2,3,8) and £i£2 cmd 771772 make a right angle at v. 

The proof of Proposition 16 . 21 is contained in the following two lemmas. 

Notice that if p\ , P2 are two vertices in a generalized polygon opposite to the same vertex p, 
then pi and P2 are of the same type. It follows that if two geodesies j/ij/2: J/iJ/3 C A' 1 ' intersect in a 
nontrivial segment y\X (x lies in the interior of 2/12/2, Z/12/3); then xyi and xy% make a nonzero even 
angle at x. 

Lemma 6.3. Suppose two geodesies £1^2 and 771772 are locally contained in an apartment. Then 
£1^2, 7/1772 are at different sides if R is not a right triangle. 

Proof. Suppose R is not a right triangle. Let v = £1^2 H 771772. Assume ^7/2 H 771772 is a ray £772 
(x G 771772) for some i = 1,2. Then ^772 C A^. Now both (j ^ i) and T72& are contained 
in AW, and the distance between them is asymptotically 0. It follows that (~1 772^ is a ray 
uii {y G £1^2), and (v,x,y) is a triangle with an even angle at x, contradicting to Proposition 15. 21 
Therefore £,7/2 H 7717/2 = 4> f° r 8 = 1,2. Similarly for each y G £1^2, y 7^ v, we have 7/7/2 fl 771772 = <f>. 

Continuity shows that each y G [C11C2] : = Ci^2 U {^1,^2}, y / v has a neighborhood U in 
[^1,^2] — {v} such that all the points in U lie at the same side of t/ 2 . The connectivity of := 
i v d — { v }) U implies that all the points in (y, lie at the same side of t/ 2 . On the other hand, 
£i£;2 and 771772 are locally contained in an apartment. It is not hard to see that, if y, z lie in different 
components of £1^2 — {v} and are sufficiently close to v, then y and z lie at different sides of 772. It 
follows that £1 and £2 he at different sides of 7/2 . Similarly £1 and £2 he at different sides of 771 , and 
7/1 and 7/2 lie at different sides of & (i — 1, 2). 
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□ 

Lemma 6.4. Suppose two geodesies £1^2 and r\\r\i are locally contained in an apartment and meet 
at a vertex v. Then £±£2, V1V2 ar £ a t different sides if R ^ (2,3,8) and £1^2 and 771772 make a right 
angle at v. 

Proof. Suppose R ^ (2,3,8) and £1^2 and 771772 make a right angle at v. Assume there is some 
Q € C1C2, 5 / ti such that qrj2 (~l 771772 is a ray 2:772. Then (v, q, x) C A^ 1 -* is a triangle with a right 
angle at v and an even angle at x, contradicting to Proposition 15.21 One continues to argue as in 
the proof of Lemma \6. 31 that £i£ 2 , 771772 are at different sides. 

□ 

Remark 6.5. In the case when both R\ and R2 have at least 5 edges it is possible to understand 
the proof of Theorem 1 1 . 31 without having to go through too much details, if one is willing to assume 
Propositions 15.11 15.21 and 15.31 Here is how to do so. Read Section |2 Section |3J Section [5] (skip 
Corollaries 15.51 15. 6f) . Section 16.11 (skip Lemma 16. 4|) . Lemma 16.61 of Section 16.21 Section (skip 
Lemmas 17.71 17.81 and Proposition 17. 121) and the following: 

Let A be a Fuchsian building whose chamber R is a fc-gon with k > 5. Then Proposition 15.21 
and Corollary 15 .41 imply that no triangle or quadrilateral in AW can be homeomorphic to a circle. 

We claim that if two geodesies are at different sides then they intersect. Suppose £,i^2,Vi r l2 C 
A*- 1 -* (£1 , £2 ! Vi j r \2 6 dA) are disjoint and at different sides. Then Lemma fo . 61 implies that for each 
7 = 1,2 there are vertices Xi £ £i£ 2 , Hi G mV2 such that x^ n 771772 = x^rji and y l ^ l n £i£ 2 = v'iZi 
are rays. Since no triangle or quadrilateral in AW can be homeomorphic to a circle, we have 
X\ = X2 = y[ — y 2 and x '\ — x 2 — 2/1 = 2/2- It follows that x\x' x makes an angle 7r with the two rays 
£1 £2, 7/1772 and hence £,\r\\ = £i£i U x x x i U x'\ f]i C A' 1 -*, contradicting to the definition of being at 
different sides. 

Proof of condition (1) in Lemma ED when Ri and R 2 have at least 5 edges: Let ci,c 2 C 
be two geodesies through v. Ci, Ci are clearly at different sides. Lemma |7.2I implies c[, c' 2 are at 
different sides. The preceding paragraph shows c'i and c' 2 intersect at a vertex w £ A2. Now let 
C3 C AW be any other geodesic through v. Then wi := c[ n c' 3 and W2 ■— c' 2 n c 3 are vertices. If 
77J ^ C3, then (ttj, t«i, 7^2) C is homeomorphic to a circle, contradicting to the above observation. 

6.2. Intersection of geodesies at different sides. In this section we show, in most cases, that geodesies 
at different sides must intersect with each other. 

The proof of Lemma f6. 31 also shows the following: 

Lemma 6.6. // £1^2, 771772 C AW (£1, £2, 771, 772 € dA) are disjoint and at different sides, then for 
each i = l,2 there are vertices xi £ £1^2, Di £ ?7i?72 such that Xirji (~1 771772 and y^i PI £1^2 are rays. 

□ 

Proposition 6.7. Suppose ^1^2,771772 C A^ 1 ) (£1, £2, 771, 772 £ dA) are disjoint and at different sides. 
Let yi £ 7717/2 (i = 1, 2) be a vertex such that y^i f~l £i£ 2 = y'id is a ray and 7/^ H 7/1772 = {yi}. If 
R 7^ (2, 3, 8), then one of the following holds: 

(1) y[ S interior{y' 2 ^i) and y 1 ^ y 2 ; 

(2) yi = y'2 and yi^y 2 - 

Proof. Since A is a CAT(— 1) space, there is a unique geodesic segment between two points. We 
first notice y[ £ interior (y' 2 £2) cannot happen, since otherwise yiy{ Ut/^t/ 2 Ut/ 2 ?/ 2 would be a geodesic 
segment connecting 7/1 £ 7/1772 and yi £ 771772, but different from 7/17/2 C 771772- Therefore y[ £ 7/ 2 £i- 

Suppose yi ^ y' 2 , that is, y[ £ interior(7/ 2 £i). Notice that the two angles Z y j (7/1, £2) and 
^■v' 2 (V2, Ci) are even. If 7/1 = t/ 2 , then (7/1, y[, y 2 ) is a triangle with two even angles, contradicting to 
Proposition 15 . 21 and the assumption that R 7^ (2, 3, 8). Therefore yi ^ 7/2 and (1) holds. 



Mostow rigidity for Fuchsian buildings 



19 



Now suppose y[ = y' 2 . We need to show y\ ^ 7/2- Suppose y\ — y%. Let Xi £ £i£2 (i — 1, 2) be a 
vertex such that XiijiHrji^ = x^rji is a geodesic ray and x^i n£i£2 = Assume x', L = y\ for some 

i = 1, 2. Then the uniqueness of geodesic implies Xi = y[. It follows that rji^i = r\iy\ VSy\y' x Uj/^i C 
A^ and 7/ 4 £i n £ 2 £l 

is a ray, contradicting to the assumption that £1^2 and 771/72 are at different 
sides. Therefore x\ ^ y± for i = 1,2. Notice x^ £ interior(7/i?7i), otherwise x^ Ux^t/i and Xiy[ Uy[yi 
would be two distinct geodesic segments from Xi to y\. At least one of the two angles Z yi (x' 1 ,y' 1 ), 
^-y\ ( x 2i Vi) i s — k/2. We may assume Z yi (x' 1} y[) > ir/2. Then xiyi = xiy[ Uy[yi and (x%, yi,x[) is 
a triangle with an even angle at x' x and another angle Zj /1 (x' 1 , x±) = Z ?/1 (x' 1 , y[) > ir/2. Proposition 
15.21 implies R = (2,3,8), contradicting to our assumption. 

□ 

Proposition 6.8. Suppose £1^2,771772 C A^ 1 ) (£1, £2, Vi, 772 £ OA) are disjoint and at different sides. 
Let x\ £ £1^2, Hi £ rjir/2 be vertices such that x\rji (~l 771772 = £1771 and y\i\ Pi £1^2 = y[£i are rays 
and x\T]\ (~l ^1^2 = {^1}; yi£i H 77i?72 = {yi}- Then after possibly switching £ with r\ and x with y, 
one of the following holds: 

(1) y[ £ interior{x\^\) and y\ £ interiorix^nx) ; 

(2) y[ £ inter ior(x\^i) and y\ = x' x ; 

(3) y[ £ interior(x and x' x £ interior{yirj\) . 

Proof. Assume xi = j/i and x[ = yi. Then ^771 = £iy[ Uy[yi Uyini, which implies ^771 n£i£ 2 = y[t;i 
is a ray, contradicting to the assumption that 771 and 772 lie at different sides of £1. Hence either 
x\ ^ y[ or x'-y 7^ y\. We assume xi ^ y'i- The case x^ 7^ 7/1 can be handled similarly. 

Suppose x\ ^ t/j and x\ — y\. Then either y[ £ inteiior(xi£i) or xi £ interior^ £1). Since 
t/i£i H £1^2 = 2/iCi, the uniqueness of geodesic implies that xi £ interior^^i) cannot happen and 
we have (2). 

Suppose xi / y[ and x' x 7^ y\. There are 4 possibilities: 

(a) y[ £ interior(xifi) and 7/1 £ interior(x' 1 77i); 

(b) 7/i £ interior(xi£i) and x^ £ interior(7/i?7i); 

(c) Xi £ interior(y^i) and x[ £ interior(7/i77i); 

(d) xi £ interior(7/^i) and 7/1 £ interior^ 771). 

Case (d) cannot happen since otherwise there are two different geodesic segments yiy[ U y[xi and 
yix[ Ux'jXi from 7/1 to xi, a contradiction, (a) corresponds to (1) and (b) corresponds to (3). (c) 
corresponds to (1) after switching x with y and £ with 77. 

□ 

Proposition 6.9. Let £i£2, V1V2 C A^ (£1, £2, t/i, 772 £ dA) be two disjoint geodesies. // £1^2, 7717/2 
are at different sides, then R is a right triangle. 

We need some lemmas. 

Lemma 6.10. Suppose £1^2, 7717/2 are disjoint and at different sides. Let x\ £ £i£2, yi £ 7/1772 be 
vertices such that x\T}\ Pi 7/17/2 = x^rji and t/i£i n ^1^2 = y[^i are rays and x\r\\ H ^1^2 = {^l}; 
2/iCi f~l 77i % — {t/i}- If R is not a right triangle, then Provosition \6.8\ (3) holds. 

Proof. We prove by contradiction that Proposition 16.81 fl) and (2) cannot happen. Since R is not 
a right triangle, Proposition 15.21 implies there is no triangle contained in the 1-skeleton that has a 
nonzero even angle. If Proposition 16.81 (2) holds, then (xi,t/^,t/i) is a triangle with a nonzero even 
angle /L y ^ (xi, 7/1), a contradiction. Suppose Proposition 16.81 (1) holds. Then x x yi = xix^ U x\yi 
and again (x\,y'i,yi) is a triangle with a nonzero even angle /- y ^ (xi, 7/1), a contradiction. Finally 
we notice that Proposition ^. 81 (3) remains the same after we switch x with y and £ with 77. 

□ 
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Lemma 6.11. Suppose £1^2, 771772 are disjoint and at different sides. Let yi 6 771772 {i = 1,2) be a 
vertex such that n £1^2 = y'^i is a ray and y^ n 771772 = {yi}- If R is not a right triangle, then 
Proposition \6. 7| (1) holds. 

Proof. Assume Proposition 16.71 (2) holds, that is, y[ = y' 2 and y\ ^ y 2 . By Lemma 16.101 y[ E 
interior(xi^i) and x[ E interior(?7i77i). If y 2 E interior^ 772), then 2:17/2 = x \y'\^y'\V2 and (x\,y2,x' 1 ) 
is a triangle with a nonzero even angle Z. x i (0:1,2/2), contradicting to Proposition 15.21 If y 2 E x\r\\, 
then xiy[ Uy[y 2 and xix^ Ui'j/2 are two distinct geodesic segments from x\ to t/ 2 , a contradiction. 

□ 

Proof of Proposition l6~!9l Suppose R is not a right triangle. By Lemma [6.61 there are vertices 
Vi E 771772 (i = 1, 2) such that yi£i n £1^2 = 2/i£i and y 2 S,2 D £1^2 = 2/2^2 are rays. We may assume 
n 771772 = {yi}, 7726 n 771772 = {772}. Lemma EH2 implies y{ E interior(?/ 2 £i) and y x ^ y 2 - Let 
77 fj E {771, 772} such that 7/1 E interior (y2fj). Let x E £1^2 be a vertex such that 2:77 n 7777 = x'77 is a 
ray and 2:770^1^2 = {a;}- Lemma l6 . 1 01 implies the six points {yi, y[, t/ 2 , t/ 2 , x, x'} are pairwise distinct. 
Applying Lemma r6.10l to the rays and xfj we see x E interior^ £2)- Applying Lemma fo . 1 01 again 
to the rays J/2C2 and X77 we see x E interior(y 2 ^i). It follows that x E interior^ 2/2)- Similarly, if 
x, E ^1^2 is a vertex such that X77 l~l 7777 = x'77 is a ray, then x E interior(y^77 2 ). Lemma |6 . 1 II implies 
x ^ x. Therefore 2/12/2 contains at least two vertices in its interior. Notice (2/1,2/1,2/2,2/2) c ^ i s 
a quadrilateral with even angles at two adjacent corners 7/^ and t/ 2 . Now Corollary 15.51 implies that 
R = (2, 3, 8), contradicting to our assumption. 

□ 

The following lemma follows easily from the definition. 

Lemma 6.12. Let £1, £2, ??i, 772 £ dA with £1^2, 771772 C A^K Suppose £1^2, 771772 are at different 
sides and £1^2 H 771772 7^ /j/ieTi £1^2 H 771772 is a vertex. 

7. When Ri, R 2 are not right triangles. In this section we prove Theorem ll.3l in the case when 
the chambers are not right triangles. 

7.1. Criterion for extension. In this section we find conditions that ensure a homeomorphism h : 
dAi — ► dA 2 extends to an isomorphism Ai — > A 2 . 

Let Ai and A2 be Fuchsian buildings with chambers R\ and R 2 respectively, and h : <9Ai — > 9A2 
a homeomorphism that preserves the combinatorial cross ratio almost everywhere. For any £ E <9Ai, 
let £' = fc.(£) E <9A 2 . For £, 77 £ 9Ai, we call £'77' the image of £77. 

Since nonempty open subsets in dAi and dA 2 have positive measures and h preserves the 
combinatorial cross ratio a.e., Lemma 13 . 1 II implies the following result. 

Lemma 7.1. For any £,77 E <9Ai, £77 /ies in Z/ie 1-skeleton of Ai if and only if its image lies in the 
1-skeleton of A 2 . Furthermore, any edge in £77 is contained in exactly q + 1 chambers if and only if 
any edge in £'77' is contained in exactly q + 1 chambers. 

Lemma f7. II generalizes Lemma 2.4.8 of |Bolj . It implies that h(Bi) = B 2 , where Bi (i = 1,2) 
is the set of regular points in dAi. The following crucial lemma follows easily from Lemma 17. II and 
Lemma 13.121 

Lemma 7.2. Let £1, £2, 771, 772 E dAi with £1^2, 771772 C A] 1 . Then £1^2, 771772 E Ai are at different 
sides if and only if £[£2, n^rj^ C A 2 are at different sides. 

For any vertex v E Ai, let T> v be the family of geodesies passing through v and contained in 
A] 1 , and V' v the family of images of the geodesies in V v . For each apartment A containing v, let 
T>a, v be the set of geodesies passing through v and contained in A^ x \ and V A v the set of images of 
the geodesies in T>a, v - We shall prove that for any vertex v £ Ai, the geodesies in T>' v intersect in a 
unique vertex of A2. 
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Lemma 7.3. Let v G Ai be a vertex. Suppose the following conditions hold: 

(1) for any apartment A containing v, the geodesies in T>' A v intersect in a unique vertex va G A 2 ; 

(2) va x = va 2 holds for any two apartments A\,Ai C Ai containing v with Link{A\, v) (~]Link(A2, v) 
a half apartment in Link(Ai, v). 

Then the geodesies in D' v intersect in a unique vertex. 

Proof. Let c, d C A^ be two geodesies that pass through v. Let A and A' be two apartments 
that contain c and d respectively. Lemma |2 .21 implies there is a sequence of apartments containing 
v: Aq = A, ■ ■ ■ ,A n — A' such that Link(Ai, v) fl Link(yli+i , v) (0 < i < n) is a half apartment in 
Link(Ai, v). Now the lemma follows from the assumptions. 

□ 

Lemma 7.4. Suppose for any vertex v G Ai, the geodesies in T>' v intersect in a unique vertex of 
A 2 denoted by f(v), and for any vertex w G A 2 , the family of geodesies {h~ \£)h (rf) : £,77 G 
9A 2 , w G £77 C A^ 1 '} also intersect in a unique vertex of A±, Then the map f : A^ — > Ag * s a 
bijection that extends to an isomorphism from Ai to A 2 . 

Proof. The map / is clearly bijective. We claim for any two vertices t>i,?j 2 G Ai, v± and u 2 are 
adjacent if and only if f{v\) and f{vi) are adjacent. The claim implies / extends to an isomorphism 
between the 1-skeletons of Ai and A 2 . It is an exercise to show that / maps the boundary of a 
chamber in Ai to the boundary of a chamber in A 2 . Therefore / extends to an isomorphism from 
Ai to A 2 . Next we prove the claim. 

Let £, 77 G <9Ai with £77 C A^. By the definition of /, f(v) G £'77' f° r an y vertex v G £77. It suf- 
fices to show that if x, y G £77 are two vertices such that x G interior (y£), then f{x) G interior(/(y)£'). 
Since the link Link(Ai, x) is a thick spherical building, there is a an edge e = xz such that zxUxl; is a 
geodesic ray and xzPixy — {x}. We extend the ray zxlixt; to obtain a complete geodesic ££1 C A^\ 
We note x G ££1 and 7/ ^ ££1. The images £'77' and £'£^ of £77 and ££1 are contained in the 1-skeleton 
of A 2 and have a common point at infinity. Since A 2 is CAT(— 1), the intersection £'77' n £'£J is a 
ray asymptotic to £'. The assumption and the fact that x G £77 l~l ££1 imply /(a;) G £'77' n £'£i- If 
/(y) G interior(/(x)£'), then /(y) G £'77' fl £'£J , which in turn implies 7/ G £77 fl ££1, contradicting to 

</£££i- 

□ 

By Lemma l7.3l and Lemma 17.41 to prove Theorem 11.31 we only need to verify the two conditions 
in Lemma 17. 31 

7.2. Proof of Theorem, 1 1 when R\, i? 2 are not right triangles. In this section we shall show that 
the conditions in Lemma l7.3l are satisfied when R\, i? 2 are not right triangles. 

Lemma 7.5. Let A be a Fuchsian building, and £i,£2,£3 £ dA be three points such that £i£2, £263 
and £3^1 all lie in A^K Then exactly one of the following occurs: 

(1) there exists a vertex v G A such that £i£ 2 = tj£i U 7>£ 2 , £i£3 = w £i U w £3 a7lc ^ £2^3 = ^£2 U tj£ 3 ; 

(2) R = (2,3,8) and there are vertices vi,V2,Vs such that £i£ 2 fl £i£ 3 = ui£i, £ 2 £i fl £ 2 £3 = u 2 £ 2 , 
£i£3 n £ 2 £3 = vs^; furthermore, T := (vi, 112,1)3) /ias i/iree eueri angles and S(T) is as shown in 
Figured (h). 

Proof. Since A is CAT(— 1) and £i£ 2 , £ 2 £3 £3^1 are all contained in the 1-skeleton, the intersections 
£i£2 n £i£ 3 , £16 n £26 and £i£ 3 n £26 are all rays. Let v be the vertex with £i£ 2 n £i£ 3 = «£i- 
If v G £ 2 £3, then the convexity of geodesic implies £ 2 £3 = t;£ 2 U v£ 3 and so (1) holds. Suppose 
v $l £2 £3- Then there are vertices 7J2 € interior(7;£2), f 3 G interior^^) such that £i£ 2 n £ 2 £3 = f 2 £ 2 
and £1^3 fl £ 2 £3 = 7j3^3. Now T = (v, tj 2 , V3) C A^ 1 ) is a triangle with three even angles. Proposition 
15.21 implies that R = (2,3,8) and S(T) is as shown in Figured! (h), hence (2) holds. 

□ 
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Remark 7.6. In the above proof we came up with a triangle T C A^ which has three even angles. 
We then check the triangles listed in Proposition 15.21 and find out that only one of them has this 
property and the chamber has to be (2, 3, 8). We shall use Proposition 15 . 21 very often in this paper. 
Usually a triangle T C is present which has a certain property, for example, "has an even 

angle", "one side contains one or two vertices in the interior", "has an angle > 7r/2". When we 
apply Proposition 15.21 we check the triangles listed in Proposition 15.21 to see whether any of them 
or which ones of them have the stated property. This is how we apply Proposition 15. 21 

Recall for each vertex v in a Fuchsian building A, the link Link(A, v) is a generalized m-gon for 
some m G {2, 3, 4, 6, 8}. We define m(v) = m if Link(A, v) is a generalized m-gon. 

Lemma 7.7. Suppose the following condition holds: 

for any two geodesies £i£2, V1V2 C Ai (£1, £2, 771, 772 G <9Ai) that are locally contained in an apartment 
and are at different sides, their images £J£ 2 , ViV^ have nonempty intersection. 

If i?2 is not a right triangle, then for any vertex v € Ai with m(v) 7^ 3 and any apartment A 3 v, 
the geodesies in T>' A v intersect in a unique vertex va- 

Proof. We observe that for any two geodesies £i£2,?7if72 C Ai (£1, £2, Vi, V2 £ dAi) that are locally 
contained in an apartment and are at different sides, the intersection £J£ 2 (1 n^r]^ is a single point. 
Otherwise £J£ 2 l~l£^ is a ray for some i = 1,2, which implies that £i£ 2 n£i?7i is a ray, contradicting 
to the fact that £i£ 2 and 771 ?y 2 are at different sides. 

The case m(v) = 2 follows from the assumption. Assume m(v) > 4. First suppose there are 
three members ci, C2, C3 of T>' A v intersecting at one point w. Suppose c is a member of T>' A v that 
does not contain w. Then the three intersection points Pi = Ci fl c(i = 1, 2, 3) are pairwise distinct. 
We may assume pi lies between pi and P3. Then (w,pi,p3) C A2 is a triangle that is not the 
boundary of a chamber, contradicting to Proposition 15 . 21 

Now suppose the intersection of any three members of T>' A v is empty. Fix some c G T>' A v . Since 
m(v) > 4, there are at least three members ci, C2, C3 of T>' A v that are distinct from c. Let pi = cHci 
(i = 1,2,3). We may assume pi lies between p\ and p%. Let w — c\ fl C3. We obtain a contradiction 
as above. 

□ 

Lemma 7.8. Suppose the following condition holds: 

for any two geodesies £1 £2,771 772 C Ai (£i,£2>?7i>772 G dAi) that are locally contained in an apartment 
and are at different sides, their images £J£ 2 , vfivh, have nonempty intersection. 

If i?2 is not a right triangle, then for any vertex v G Ai with m(v) = 3 and any apartment A 3 v, 
the geodesies in T>' Av intersect in a unique vertex va- 

Proof. Let £,77.; C A^ (£i,J?i € dA, i = 1,2,3) be the three geodesies that pass through v. We may 
assume Z t ,(£i,£ J ) = 27r/3 for i ^ j. Note Link(A 1 ,w) is a thick generalized 3-gon, Link(A, v) is an 
apartment in Link(A;i, v) and the initial directions of 7j£ 1; tj£ 2 , ^£3 are of the same type. Proposition 
12.31 implies that there is an edge vv' C Ai such that v'v U w£i (i — 1,2,3) is still a geodesic. We 
extend vv' to a ray u£ D vv' (£ G dAi). Then ££^ = u£ U u£i for i = 1, 2, 3. 

By assumption, £^77^ and £ 2 77 2 intersect at some vertex w. Assume exactly one of £^£', £ 2 £' 
contains w, say w 6 £[£' and w £ £ 2 £'. Then £'£J = it;£' U w£_[, and £ 2 £' n £ 2 77 2 = x£ 2 and 
£'£,'2 ri CCi — yC f° r some x G interior(ii;£ 2 ), y G interior(ii;£'). It follows that (w, x, y) C A^ is a 
triangle with two even angles Z x (w, y), Z. y (w, x). Proposition l5.2l implies i? 2 = (2, 3, 8), contradicting 
to our assumption. Therefore either w G £i£' fl £ 2 £' or w £££', u> ^ £ 2 £'. 

Assume none of £[£', £ 2 £' contains Then there are x G interior(?x>£ 2 ), y G interior(?x>£i ) 
such that £'£ 2 n £ 2 r; 2 = x£ 2 , £'£ n ^ = y&. Note y£' n £ 2 r; 2 = 0, otherwise if p = yC n £ 2 77 2 
then (w,y,p) G A^ 1 ' is a triangle with an even angle Z y (w,p), contradicting to Proposition 15.21 
In particular, x y£' C £i£'. It follows that £'£J fl £'£ 2 = z£' for some z G interior(x£'). Similar 
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argument shows z £ interior(y£'). Now (z,y,w,x) C A 2 is a quadrilateral with three even angles 
Z x (w, z), Z y (w, z) and Z z (x, y), contradicting to Corollarv l5.6l Therefore both and £ 2 £' contain 
w. 

Assume w ^ £W3- Then and £3773 intersect at some vertex w' 7^ w. Then the above 
argument shows that both and £ 3 £' contain w' . In particular, contains both uu and w' . 
We have either w' £ interior(u>£') or w £ interior («/£'). First suppose w' £ interior(u;£'). Then 
w 1 £ interior(w?7j). It follows that Z w (£ :2 ,ri' 1 ) = ^w{^2: w ') — Aot^'CO) which is 7r since £ 2 £' 
contains w. Hence = U u ' ? 7i C A^. Then £ 2 ?7i must be a geodesic contained in the 
1-skeleton of Ai, which is not true since £i?7i and £27/2 are contained in the apartment A. Similarly 
one obtains a contradiction if w £ interior («/£'). 

□ 

Lemma 17.21 and Proposition 16.91 imply that the condition in Lemma 17.71 and Lemma 17.81 is 
satisfied when R2 is not a right triangle. It follows that condition (1) of Lemma 17. 31 holds when R2 
is not a right triangle. When R 2 are not right triangles, Theorem 11.31 follows from Proposition 
17.91 Lemma IV. 31 and Lemma \l . 41 

Proposition 7.9. Suppose condition (1) of Lemma \7.S\ is satisfied and R\, R2 are not right triangles. 
Then condition (2) of Lemma \7.3\ is also satisfied. 

We prove Proposition 17.91 in two lemmas depending on whether m(v) = 3. 

Lemma 7.10. Suppose condition (1) of Lemma \ 7. 'J\ is satisfied and Ri,R 2 are not right triangles. 
Then condition (2) of Lemma \7.3\ holds for those v with m(v) 7^ 3. 

Proof. Let v £ Ai be a vertex with m(v) 7^ 3 and A\,A% C Ai two apartments containing v 
with Link(Ai,w) nLink(y4.2,w) a half apartment in Link(Ai,u). Let a,b £ Link(Ai,t>) be the two 
opposite vertices of the half apartment Link(Ai, v)nL'mk(A2, v), and c the midpoint of Link(Ai, v) H 
Link(A2, v). Note c is a vertex as m(v) 7^ 3. Denote by Cj (i — 1, 2) the vertex in Link(Ai, v) opposite 
to c. The points £j,J7i,Wi, Q £ dAi{i = 1,2) arc defined as follows: a is the initial direction of 
b is the initial direction of vrji, c is the initial direction of VLUi and Cj is the initial direction of vQ. 
Note LViCj = vuji U vQj and C1C2 = vCi U V C2- 

Note C1C2 an d are locally contained in an apartment. Since Ri is not a right triangle, 
Lemma lb' . 31 implies £1(2 and ^rji are at different sides. It follows that ([(2 and £[r][ are at different 
sides. Since R2 is not a right triangle, Proposition l6.9l implies CiC^ZWi 4 1 - Similarly the following 
holds: C1C2 n C2V2 + 0, CX n Cir?i # and £ 2 ry 2 n u[C t ^ (* = 1, 2). 

Let u> = £jr^ fl C( w i- We notice u> = Wy^- Since R2 7^ (2,3,8), Lemma IT51 applied to the 
three points u}[, ([, £ 2 shows that there is some w' £ w'iCi such that ([( 2 = w'([ U w'£ 2 and = 
w'lo[ U u/£ 2 - Assume w' £ interior(u;£{). Then w is the only intersection point of Ci w i(* = 1, 2) 
with CiVi- It follows that and ^77^ are disjoint, contradicting to the conclusion in the second 
paragraph. Similarly w' £ interior (wlu^) is impossible and we conclude w' = w. In particular, 
w £ C 2 ^i- 

We need to prove w £ C2 W 2- If ^2 = <^i, then we are done. Suppose u>2 7^ u>i, then fa^^^wi ^ s a 
ray. It follows that ^uj^H^ui^ = w 2 ( 2 (for some u> 2 6 (2^1) * s a l so a ra y- Assume w 2 £ interior^^). 
By the second paragraph C, 2 uj' 2 and t;[r][ intersect at some point u>i £ £{r)[. Now we have a triangle 
(w, wx, W2) with an even angle Z W2 (w, w%), contradicting to Proposition 15. 21 Therefore w £ W2C2 C 

Next we prove u; G £2^2 ■ By the second paragraph, ^' 2 rj 2 and intersect at some point 

x. If x £ interior (wll>i), then £2^2 ^ C1C2 = 0; contradicting to the second paragraph. Similarly 
x £ interior (w^[) and we conclude w = x £ £' 2 r)' 2 . 

□ 
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Lemma 7.11. Suppose condition (1) of Lemma \7.ci\ is satisfied and Ri,R% are not right triangles. 
Then condition (2) of Lemma \7.3\ holds for those v with m(v) = 3. 

Proof. Let v G Ai be a vertex with m(v) = 3, A\,A 2 C Ai be two apartments containing v 
with Link(Ai,w) nhmk(Ai,v) a half apartment in Link(Ai,u). Let a, b G Link(Ai,u) be the two 
opposite vertices of the half apartment hvak(Ai,v) D Link(yl.2, v), and c, d the other two vertices 
on Link(Ai , v) fl Link(./4.2, u) such that a and c are adjacent. Let Ci,di G Link(j4j,w) (i = 1,2) be 
vertices such that Cj and c are opposite, and di and d are opposite. The points ?7j, Wj, tj, Ci, G <9Ai 
(z = 1, 2) are defined as follows: a is the initial direction of w^, & is the initial direction of vrji, c is 
the initial direction of vuji, d is the initial direction of VTi, Cj is the initial direction of vQ and dj is 
the initial direction of v<pi- 

Note di is opposite to both d and ci. Hence ti</>2 = vt\ U u</>2 and Cl02 = u Ci U w02- Let 
w — w'iCi nvifiv Then the proof of Lemma I71fl shows that r{</> 2 — WT i Uw^ an d Ci02 = w C'i Uw0' 2 . 
It follows that Ci02 H 7"{0i = w - O n the other hand, d is opposite to both d\ and di and we have 
Ti<pi = vti U u^>i. Apply the arguments in Lemma l7. 81 again we see rl 1 (f>' i = wt 2 U uxp^. In particular, 
w G T202- Similarly w G C2 W 2- ^ follows that VA t = w = Ci^'i H T20 2 = W A 2 - 

□ 

Proposition 7.12. Let Ai and A2 be two Fuchsian buildings, and h : dA\ — > 9A2 a homeomor- 
phism that preserves the combinatorial cross rario almost everywhere. If one of R\ , R2 is a right 
triangle, then so is the other. 

Proof. We assume R\ is a right triangle and Ri is not, and shall derive a contradiction from this. 
Let A be an apartment in Ai and C any chamber in A. Denote the vertices of C by x,y,z such 
that the angle at y is tt/2. Denote the geodesies in A that contain xz, xy and yz respectively by c\, 
ci and c. Let C be the chamber in A that shares the edge xy with C. Denote the third vertex of 
C by z' and the geodesic in A containing xz' by C3. 

It is clear that any two of the 4 geodesies c, c\, c%, C3 are at different sides. Let c' and c- 
(i = 1,2,3) be the images of c and Cj respectively. Lemma 17.21 implies that any two of the 4 
geodesies c', c[, c' 2 , c' 3 are also at different sides. Since Ri is not a right triangle, Proposition 16.91 
implies any two of the 4 geodesies c' , c[, c' 2 , c 3 have nonempty intersection. Then the argument 
in the proof of Lemma |7.7I shows that these 4 geodesies have a common point. In particular, the 
three geodesies c[, c' 2 and c', which are the images of the three geodesies containing the three edges 
of the chamber C, have a unique common point wc- We have also shown the following: if two 
chambers C\, Ci C A share an edge e and the angle of C\ at one of the two vertices of e is tt/2, then 
WCi = wc 2 ■ 

Suppose two chambers C\,Ci C A share an edge e = V1V2 and both angles of C\ at the two 
vertices of e are ^ tt/2. Then at least one of these two angles is ^ tt/3, say the angle at v\ is 7^ tt/3. 
There are m(v\) > 4 geodesies contained in A^ x ' and passing through v%. Then the argument in 
the proof of Lemma 17.71 again shows that their images in A2 have a common point. Since the 
images of the two geodesies containing the two edges of Ci incident to v\ intersect at wc, , we have 
= wc 2 ■ Together with the previous paragraph we conclude Wd — wc 2 for any two adjacent 
chambers C\,C 2 C A. Since A is chamber connected, Wd = wc 2 for any two chambers C\, Ci in 
A. It follows that there is a vertex u> G A 2 such that £'77' contains w for any geodesic £77 contained 
in the 1-skeleton of A. 

Since the map h : dA\ — > dAi is a homeomorphism, it induces a homeomorphism hx h : 8A\ x 
<9Ai -» dAi x <9A 2 satisfying h x h(OA 1 x dA 1 -{(£, f ) : £ G 0Ai}) = <9A 2 x <9A 2 -{(£, £) : £ S dA 2 }. 
Let Ex = {({,r]) : G dA and f»j C A^}_&nd E 2 = {(Crf) : t',rf G dA 2 and ^ 3w}. 
Then /i x /i(i5i) C E 2 . On the other hand, E 2 C 9A 2 x <9A 2 - {(^,C) : C e 9A 2 } and Si G: 
<9Ai x dA\ — {(CjC) : C £ ^Ai}, contradicting to the fact that ft. x h is a homeomorphism. 

□ 
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8. The right triangle case. In this section we prove Theorem 11.31 when both i?i and R 2 are right 
triangles but none of them is (2,3,8). The exceptional case (2,3,8) will be considered in the next 
section. We remind the reader that Proposition l5 . 2l shall be used in the manner indicated in Remark 

8.1. Types of geodesies. Let A be a Fuchsian building. Each complete geodesic contained in is a 
labeled complex with the induced labeling. Two complete geodesies contained in A^ have the same 
type if they are isomorphic as labeled complexes. Let us first find all possible types of geodesies. 
Since geodesies are contained in apartments and all apartments are isomorphic as labeled complexes, 
we only need to look at one apartment. Let A be a fixed apartment and C C A a fixed chamber. 
Since the action of Coxeter group preserves the labeling, for each complete geodesic ci C there 
is a complete geodesic c 2 C A^ containing an edge of C such that c\ and c 2 are of the same type. 
So there are at most k different types of geodesies. Let c C A^ be a complete geodesic and v £ c 
a vertex labeled by {i, i + 1}. Note that if m{v) is even, then the two edges of c incident to v have 
the same labeling; and if m(v) — 3, then these two edges are labeled by {i} and {i + 1} respectively. 
From this we obtain a description of all different types of geodesies in A. If m(v) = 3 for all vertices, 
then there is only one type of geodesies and the edges on each complete geodesic are periodically 
labeled by {1}, {2}, • • • , {k}. Assume there is at least one vertex v with m(v) ^ 3. We consider the 
boundary dR of R and let dR' be the complement in dR of all vertices v with m(v) ^ 3. Let L be 
a component of dR' . Then the edges of L are linearly labeled by {i}, {i + 1}, • • • , {j}. Let c be a 
complete geodesic containing an edge labeled by some {1} satisfying i <l < j. Then the edges of c 
are periodically labeled by {i}, {i+ 1}, • • • , {j}, {j}, • • • , {i + 1}, {i}. It is clear that this establishes 
a 1-to-l correspondence between the types of geodesies and the components of dR'. 

Suppose OR' has at least two components, or equivalently, there are at least two vertices w 
of R with m(w) ^ 3. Now let v E A be a fixed vertex. Consider the set D v of all complete 
geodesies through v that are contained in The above 1-to-l correspondence between the types 

of geodesies and the components of dR' shows the following: if m(v) — 3, then all the geodesies in 
D v have the same type; if m(v) ^= 3, then c\,c% E T> v have the same type if and only if they make an 
even angle at v. In general, if two geodesies ci, C2 C A*- 1 ) intersect at a vertex v, they actually make 
4 angles at v. If m(v) is even, then either all 4 angles are even, or all 4 angles are odd; if m(v) = 3, 
then 2 of the angles are even and two are odd. Hence two intersecting geodesies c\,C2 C A^ have 
the same type if and only if at least one of the angles they make is even. 

Now suppose R is a right triangle. If R ^ (2,3,8), then there are three different types of 
geodesies; if R = (2, 3, 8), then there are only two different types of geodesies. 

8.2. Two disjoint geodesies at different sides. Recall that there are only 6 right triangles (up to 
isometry) that can appear as the chamber of a Fuchsian building: (2, 8, 8), (2, 6, 8), (2, 6, 6), (2, 4, 6), 
(2,4,8), (2,3,8). 

In Lemma 16.61 and Propositions 16.71 and IfTHl we have done some preliminary studies on disjoint 
geodesies that are at different sides. Here we continue this analysis. 

Lemma 8.1. Suppose R (2, 3, 8) is a right triangle. Let £i£2, ??i?72 C A^ (£i, £2, T]i, r]2 E <9A) be 
geodesies that are disjoint and are at different sides. Let E £i£2? Hi E 771772 be vertices such that 
XiTji n 771772, yiti n £i£ 2 are rays and xtfi n £16 = {xi\, y t & n 771772 = {yi}. If y[ = y' 2 and y x ^ y 2> 
then R = (2,4,6) or (2,4,8), m(y[) — A, m{yi) = 771(7/2) = 6 or 8, and there is a configuration as 
shown in Figure^ 

Proof. Recall in a generalized rn-gon opposite vertices have the same type if m is even. Since 
Link(A,j/ 1 ) is a generalized m(y' 1 )-gon and m(y' 1 ) is even, it follows from the assumptions that the 
angle Z y > (t/i, 7/2) is even. Proposition l5 . 21 applied to (7/1, 7/2,2/1) shows that 7/17/2 contains exactly one 
vertex in the interior, m{y 1 ) = m(y 2 ) > 4 and Z yi (y' 1 ,y 2 ) = Z y2 (y[,y 1 ) = 
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Figure 4. Two disjoint geodesies at different sides 



First we assume one of x'i,x 2 does not lie on Then there are i and j with y-j+i G 

interior(yjX^). Here, below and in Figure 0] the indices j + 1, J + 1 are taken mod 2. No- 

tice Z aj . +1 (yi,x-) > 7T - Z Vj+1 (yj,y{) > 3?r/4. If x t G yi£,+i, then Xiyy+i = x ( yi U y[yj+i and 
(xj, y^+i, xQ is a triangle with sum of angles > Z Vj+1 (y'i,x'i) + 7r/8 + 7r/8 = 7r, which is impossible. 
Hence Xi G y'l^j- In this case Xiyj = Xiy[ U y[yj and (xj, yj, x0 is a triangle. By the definition of Xj, 
Z- x i(Xi,yj) either = 7r or is an even angle. Z x *\xi,yf) = tt is impossible since otherwise Xix\ U x[yj 
and x^ U y'xDj would be two distinct geodesic segments from Xi to yj. Therefore (xi, yj, x£) has an 
even angle at x\. Since j/j+i G interior(yjX^), Proposition 15 . 21 implies m(jjj+i) = 2, contradicting to 
the above observation that m(yi) — m{y%) > 4. The contradiction shows x^, x' 2 G yij/2- 

Assume x£ G interior(yij/2) for some i = 1,2. Then xj is the only vertex in the interior of yij/2- 
There is some j = 1,2 with x$ G ■ The uniqueness of the geodesic iEjt/j shows Z x '.(xi,yj) 7^ 7r. 
Hence Z x /(xj,2/j) is an even angle. Since x\yj contains no vertex in the interior, Proposition 15.21 
applied to (xi,x^,2/j) implies that m(y' 1 ) — 2, contradicting to the fact that (2/1,2/1,2/2) has an even 
angle at 2/1 • Therefore we conclude {x[, x' 2 } C {2/1, 2/2}- 

There is some i = 1,2 with x' x = y^. The uniqueness of geodesic implies x\ G yi£i+i and 
^(^lil/i+l) 7^ Wehavexiy 4+ i = xiy^Uy'^i+i and (x' x , Xx,y i+ x) has an even angle Z x > ± (xi, y i+ i). 
Since y^yi+i has a vertex u in the interior, Proposition 15.21 implies the following: R = (2,4,6) or 
(2,4,8); m(v) — 2; m(y[) — 4; there is a vertex v\ G interior(xix' 1 ) with m(vi) — 2; (y[,xi,vi), 
(yi , x'i , vi ) , (y[,Xi,v), (2/1, 2/i+i, u) are chambers and 5(T) is the union of these 4 chambers. Applying 
the same argument to x' 2 we obtain the following: x 2 = 2/i+ij ^2 G interior(y^i); there is a vertex 
i?2 G interior(x 2 x 2 ) such that (y[,X2,V2) and (yi,x 2 ,u 2 ) are chambers. 

□ 

Lemma 8.2. Suppose R / (2,3,8) is a riy/ii triangle. Let £1^2, c ^ ^2, ?7i, »?2 G 9A) 6e 

geodesies that are disjoint and are at different sides. Let x, G £1^2 ; 2/i G 771772 &e vertices such that 
Xir\if\r\\r)2, 2/i6 n 66 are rays and x^n^i^ = {xi}, yi&nry^ = {yj. Suppose y[ G interior(xit;i) 
and yi G interiorfa^rji) . Then R — (2, 4, 6) or (2, 4, 8), and i/iere raws* &e a configuration isomorphic 
to the one in Figure^ 

Proof. If x 2 = x'i , then we are done by Lemma 18.11 We suppose x 2 7^ x[ . By Proposition 16.71 
x' 2 G interior (xi 772). Note m(x'i) 7^ 2, otherwise Z.^ (xi,yi) — Z x > (xi, x' 2 ) = 7T, contradicting to 
Proposition 16.71 First assume x 2 G y'iCi- in this case x 2 yi = x 2 y' x U yiyi and (x2,yi,x 2 ) has an 
even angle Z x ^(x2,2/i). Since yix 2 contains the vertex x[ in the interior, Proposition 15.21 implies 
m(x'i) = 2, a contradiction. 

Note Proposition ^ . 71 implies x 2 7^ x\. Next we assume x 2 G interior(xiy' 1 ). Since (y[, Xi, yi) has 
an even angle at y[, Proposition 15 . 21 implies m(x 2 ) = 2 and Z X2 (xi,x' 1 ) = ir/2. If Z X2 (xi,x' 2 ) = n, 
then Z X2 (y' 1 ,x' 2 ) = 7T, contradicting to Proposition 16.71 Hence Z X2 (xi,x 2 ) = 7r/2, which implies 
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/. X2 (x' 2 ,x' 1 ) = it and so x' x x' 2 = x[x 2 U xix' 2 is not contained in 771772, a contradiction. We conclude 
X2 £ interior (sci £2)- 

Since (y[, yi, x\) is a triangle with an even angle Z y i (xx,yi) and the side x\y\ contains the vertex 
x[ with m(x' 1 ) ^ 2 in the interior, Proposition 15 . 21 implies R = (2,4,6) or (2,4,8), m(x' 1 ) — 4 and 
Z Xl (x' l7 y[) = it/6 or 7r/8. It follows that Z Xl (x 2} x[) = 5ir/6 or 77r/8. Consider the quadrilateral 
Q = (xi,x' 1 ,x' 2 ,X2): Z x <(xi,x 2 ) > ir/2 since it is even and m(x' 1 ) = 4; Z x i (x 2 , x[ ) > 7r/4 since it is 
even. Proposition 15 .31 implies n{Q) < 2, which is impossible since there are at least 5 or 7 chambers 
in S(Q) incident to X\. 

□ 

Lemma 8.3. Suppose R / (2,3,8) is a right triangle. Let £1^2, VlV^ C A' 1 ' (£i, £ 2 , Tfi, f]i £ <9A) be 
geodesies that are disjoint and are at different sides. Let xi £ £i£2,. yi £ fre vertices such that 

Xi-q t f\viri2, yi€if~\£i& are rays and xtfi n£i£ 2 = {^i}, 2/jfi n? 7i r /2 = {yi} ■ Suppose y[ G interior(x 
and y\ — x^ . Then R = (2, 4, 6) or (2, 4, 8), and there must be a configuration isomorphic to the one 
in Figure^ 

Proof. The lemma follows from Lemma l8.1l if y 2 — y[. We assume y 2 7^ y[. Proposition 16 . 71 implies 
y 2 G interior^ £2)- We first assume y 2 G interior(y^a;i). Note (2/i, x\, y\) is a triangle with an 
even angle at y[ and the side y[xi contains the vertex y 2 in the interior. Proposition 15.21 implies 
m(y' 2 ) — 2, which in turn implies Z y ' 2 (2/1 , 2/2 ) — ^-y' yi) — tt, contradicting to Proposition 16.71 
Hence y' 2 G x\^ 2 . 

Now assume y 2 — X\. The uniqueness of geodesic implies that y 2 G 2/i 7 72- Proposition 16.71 
implies y% 7^ y%. The segment xiyi is the side of (y[,xi, yi) opposite to an even angle. Proposition 
15.21 implies x±yi contains exactly one vertex in the interior. On the other hand, (xi, 2/1, 2/2) nas an 
even angle at y%. By Proposition 15. 21 R = (2, 4, 6) or (2, 4, 8), 2/12/2 contains exactly one vertex v in 
the interior and m(v) = 2, and X12/2 also contains exactly one vertex v' in the interior and m(v') = 4. 
Now let x 2 G ^1^2 be a vertex such that X27/2 (1 771772 = 2; 2 ?72 is a ray and X2772 H £1^2 = {^2}- By 
Proposition 16.71 and Lemma 18.11 we may assume x' 2 G interior(2/i?72). The argument in the first 
paragraph shows x' 2 7^ v. Assume x' 2 — y 2 . The uniqueness of geodesic shows xi G interior(cci^i). 
The triangle (xi, X2, 2/2) has an even angle at X\ and the side £12/2 contains the vertex v' with 
m(y') = 4, contradicting to Proposition 15.21 Therefore we must have x 2 G interior(2/27/2)- The 
lemma follows from Lemma |8.2I if x% G intcrior^i^)- Proposition 16.71 implies x 2 7^ x\. Therefore 
%2 G y'lii- In this case x 2 yi = X2y[ U y[yi, (x2,yi,x' 2 ) has an even angle at x' 2 and the side yix' 2 
contains two vertices v, 2/2 in the interior, contradicting to Proposition 15. 21 

Finally we assume y' 2 G interior(a;i^2)- Proposition 16.71 implies 2/2 7^ 2/i- The lemma follows 
from Lemma 18.21 if 2/2 G interior (2/1 771). We now assume 2/2 G intcrior(2/i?72). Then we have a 
quadrilateral Q — {x\, 2/1, 2/2, 2/2)- We shall show such a quadrilateral does not exist. We only give 
the proof for R = (2,4,6). The other cases can be handled similarly. Recall (y[, x\, 2/1) has an 
even angle at y{. Proposition 15 . 21 implies that m(x\) — 771(2/1) and Z Vl (xi,y' 1 ) = Z Xl (yi,y[) = 7r/4 
or 77/6. The quadrilateral Q has even angles at 2/1 and y 2 . Notice Z Xl (yi,y 2 ) > ir — Z Xl (yi,y[) 
and Z yi (xx,y 2 ) > 2Z yi (x 1 ,y[) = 2Z Xl (y 1 ,y[). If Z Xl (y 1 ,y[) = tt/6, then Z Xl (y 1 ,y' 2 ) = 5tt/6 and 
Proposition l5. 31 implies n(Q) < 4, which is impossible because there are at least 5 chambers in S(Q) 
incident to x\. If Z Xl (2/1, y[) — 7r/4, then Z Xl (yi,y' 2 ) = 37r/4 and Proposition 15.31 implies 7i(Q) < 3. 
It follows that S(Q) is the union of the 3 chambers in S(Q) incident to x\. But such a union has 
only one even angle, contradiction. 

□ 

Proposition 8.4. Suppose R^ (2,3,8) is a right triangle. Let £1^2 , 771772 C A' 1 ) (£1, £2, Vii V2 G OA) 

be geodesies that are disjoint and are at different sides. Then R = (2, 4, 6) or (2, 4, 8) and there must 
be a configuration isomorphic to the one in Figure^ In particular, £1^2 and rj\rj2 are of different 
types. 
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Proof. The proof is similar to that of Proposition l6~§l Lemma l6~(3l implies there are vertices Xi G £162, 
Vi G Vim such that xim n 771772, 2/i£i n £i£ 2 are rays and x,^ n £i£ 2 = {^i}, y»& n 771772 = By 
Lemmas 18 . 1 1 18 . 21 and 18 . 31 i? = (2, 4, 6) or (2, 4, 8), and there is a configuration isomorphic to the one 
in FigureEJif any one of the following occurs: Proposition l6.7l (2). Proposition ^ . 81 ( 1 ) . (2). So we can 
assume only Proposition 16. 71 (1) and Proposition ^. 81 (3) can occur. Then the proof of Proposition 
16.91 shows that there is a quadrilateral Q with one side xy such that the angles at x and y are even 
and xy contains two vertices in the interior. Corollary 15 . 51 implies R — (2, 3, 8), contradicting to our 
assumption. 

□ 

Let us make some observations about the configuration in Figure 0] Notice Z v (r)i,y[) = 
Z v (772,2/1) = tt/2 and Z. y t(^i,v) = Z^^u) = 37r/4. It follows that vy[ is the shortest geodesic 
between £i£ 2 and 771772- Consider the quadrilateral Q = (xi, x'^ x' l+1 , xi+\). Notice Q is uniquely 
determined by £1^2 and the segment vy'^. the geodesic segment in Link(A, y[) from the initial di- 
rection of y[v to the initial direction of y[^i consists of 3 edges, and these 3 edges determine 3 
chambers incident to y' x \ similarly the geodesic segment in Link(A,7/' 1 ) from the initial direction of 
y[v to the initial direction of y'^2 determine 3 chambers; the union of these 6 chambers is a disk 
whose boundary is Q. We denote this Q by Q(£i£ 2 , 771772) • 

8.3. Geodesies in the same apartment. The eventual goal of this section is to show 

Proposition 8.5. Let Ai, A 2 be two Fuchsian buildings, and h : <9Ai — > 9A2 a homeomorphism 
that preserves the combinatorial cross ratio almost everywhere. Let A be an apartment in A\ and 
v e A a vertex. If both R\ and R2 are right triangles different from (2,3,8), then the geodesies in 
T>' A intersect in a unique vertex of A2 . 

One first has to show that any two geodesies in T>' A v have nonempty intersection (Proposition 

ion . 

Lemma 8.6. Suppose R ^ (2,3,8) is a right triangle. Let c, ci,c 2 C A^ be complete geodesies 
such that any two of them are at different sides. If c\ and c 2 have the same type and cC\ c\ = cf>, 
then c n C2 = 4>. 

Proof. Assume c fl c 2 ^ <j>. Since c n c% = </>, Proposition 18.41 implies R = (2,4,6) or (2,4,8) 
and there is a configuration as shown in Figure where either c\ = £,1^2, c = 771772 or c = ^1^2, 
ci = 771772. Proposition 18 . 41 also implies c\ (~lc 2 7^ <f> because c\ and C2 have the same type and are at 
different sides. Let p = C2 (~l 771772, q — C2 fl £i£ 2 - Then pq C c 2 C A^. We will show p G vrji+i is 
impossible. Since the configuration is symmetric about vy[, p € u?7; is also impossible, and we have 
a contradiction. We shall only write down the proof for R = (2,4,6), the case R = (2,4,8) can be 
similarly handled. 

First assume p G interior(7/277;+i). Then q G interior(x; + i^i) is impossible, since otherwise 
px l+ i = py 2 U y 2 xi+i and (p,xi +1 ,q) has an angle Z Xl+1 (p,q) = n - Z Xl+1 (y 2 ,y' 1 ) = 5n/6, which 
is impossible. Note q — xi + \ cannot occur since otherwise C2 0771772 contains a nontrivial segment 
py 2 . Note Z y>i (y2,xi) = tt. If q € y'^2, then y 2 q = y 2 yi U y[q and {p,y 2 ,q) has an angle Z y2 (p,q) > 
Zy 2 (p,xi+i) — Zy 2 (xi + i,y[) = 7r — 7r/6 = 57r/6, a contradiction. 

Now assume p = 7/2. The angle Z Xl+1 (2/2, £1) = 57r/6 implies q ^ interior(x; + i^i). Note that 
if two intersecting geodesies are at different sides, then none of the 4 angles they make can be 7r. 
It follows that q ^ x l+ i,y[ since Z y2 (xi + x, r?; + i) = Z^(j/ 2 ,6) = The fact y' x G y 2 6 implies 
q £ interior(j/^2) since c 2 fl £i£2 is a single point. 

Finally we assume p = v. Note m(v) = 2 and m{y' 1 ) =4. If q ^ y[, then (u, y[, q) is a triangle 
with Z v (y' 1 ,q) = tt/2 and Z y > (v,q) — 3ir/4, which is impossible. Hence q = y[. It follows that the 
type of C2 D vy[ is different from the types of £i£ 2 and 771772, contradicting to the assumption. 

□ 
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Lemma 8.7. Let A be a Fuchsian building with chamber R 7^ (2,3,8), vq € A a vertex and 
£i, £2, Vii %) V3 6 dA. Suppose the following conditions are satisfied: 

(1) &6 C A(D; 

(2) 77^ = u 7?i U u % C AW for all 1 < i, j < 3, i 7^ j; 

(3) £1^2 and rjirjj are at different sides for all 1 < i, j < 3. i 7^ j . 
Then v 6 

Proof. First assume £1^2 H 77^773- 7^ for some i 7^ j, say, £1^2 H 771772 7^ 0- Lemma 16.121 implies 
£1^2 H 771772 is some vertex u' G A. If t>' = vq, then we are done. Suppose v' 7^ Uq- We may assume 
v' G interior(uo'7i)- Since 77177^ = ^0771 U vor/i for i = 2, 3, Lemma 16 . 1 21 also implies ^1^2 H wo^i = </> for 
i = 2,3. It follows that £1^2 fl 7727/3 = 0. Now £1^2 and 772773 are disjoint and are at different sides, 
and v'iji (~l 772773 = VQT]i (i = 2, 3) with v' G £i£2> contradicting to Proposition 16. 71 

Now we assume £1^2 f^ViVj — 4 1 f° r all i j- Proposition ^ .41 applied to £1^2 and 771772 shows that 
R = (2, 4, 6) or (2, 4, 8), and there is a configuration isomorphic to the one in Figure^] Consider the 
perpendicular xy (x G 771772, y G £1^2) between 771772 and £1^2- We claim t;o = x. Suppose vq 7^ x, 
say vq G intcrior(a;772). Since 77177,; = tjo?7i U vgrji for i — 2,3 and A is CAT(— 1), d(z, £1^2) > d(x,y) 
holds for all z G uo^i, i = 2, 3. It follows that ^(772773, £1^2) > d(x,y). Here we have a contradiction 
since Proposition 18.41 applied to £1^2 and 772773 shows that (^(772773,^1^2) = d(x,y). Hence vq = x. 
Notice xy is the perpendicular between £1^2 and r\ir\j for all i 7^ j. By Proposition 18 .41 m(vn ) = 2 or 
4. We consider these two cases separately. 

First assume m(i>o) = 2. Then 771(77) — 4. Consider the quadrilaterals Q(£i£2, ViVj)^ * 7^ J- By 
the observation made after Proposition |S3| Q {£,1^2, ViVj) is uniquely determined by £1^2 and yx. It 
follows that Q(£l£2j V1V2) = Q(£i&, ViVs)^ which is not true since Q(£i£2, 771773) contains an edge 
from t! 773 while Q(£i£2, Wiffr) does not. 

Now assume m(vo) = 4. Then m{y) = 2. Let j/i, 772 G £1^2 be the two vertices on £1^2 adjacent 
to 77, and (7, (jj G Link(A,«o) (i = 1,2) the initial directions of ?;o2/, i>o2/i respectively. Also let 
u>j G Link(A,7;o) be the initial direction ofvoi]j. Proposition 18.41 implies that for each j, 1 < j < 3, 
the segment crwj C Link(A, Vq) consists of three edges and the initial edge is oo\ or ao~i. Hence 
there is a map / : {771,772,773} {<t<7i, cro^}, where /(jjj) is the initial edge of the segment au>j. 
Proposition 18.41 also implies that / is injective, which is clearly not true since \aa\,aai\ contains 
only two elements while {771,772,773} contains three elements. 

□ 

Lemma 8.8. Suppose Ri,R 2 7^ (2,3,8) are right triangles. Let £1^2, 771772 C A^ (£1, £2, Wi, f]i G 
9Ai) be two geodesies locally contained in an apartment. Let v — £1^2 H 771772. If m(v) — 2, then 
£\^ ' 'h'h ■' '■■ 

Proof. Pick an edge e = vv' such that v'rji = v'v U vrji (i = 1,2). We extend the edge vv' to obtain 
a ray 77773, where 773 G <9Ai. By construction, 77^77^ = tjt/, U vr\j C A^. It follows that 77^77^ C A 2 . 
Since R2 7^ (2,3,8), Lemma \7. 51 implies there is a vertex w G A2 such that 77^77^ = wrj^ U 1077^-. On 
the other hand, since m(v) = 2, £1^2 and 77^77^ make a right angle and are locally contained in an 
apartment. Lemma I5~^l implies that £1^2 and 77^77^ are at different sides. Hence £££ 2 an( i ViVj are 
also at different sides. Now Lemma f8 . 71 implies w G £1^2- Consequently, w G £[£'2 fl 77^772 • 

□ 

Lemma 8.9. Suppose R\ and R 2 are right triangles. Let £1^27 ^l^te C A^ be two geodesies that 
have nonempty intersection. If at least one of the angles that £1^2 ond 771772 make is even, then £[£ 2 
and 77^772 have the same type. 

Proof. Let v G £1^2 H 771772 be a vertex. We may assume Z„(£i,7ii) is even. Since Link(Ai,?j) is a 
thick spherical building, Proposition ^ . 41 implies there is an edge e incident to v such that e makes an 
angle it with both tj£i and v?7i. We extend e to obtain a geodesic ray w. Then ui£i — vu U v£i and 
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ivrji = vuj U vr\\. Consider the geodesies £i£ 2 , ViV^i and w ' 7 7i m ^2- We note if two geodesies 
in A2 intersect in a ray, then they have the same type. Now £J£ 2 na/£i, ui'£[ RaZr/i, a/ 771 n??^ are 
all rays. So the 4 geodesies have the same type. In particular, £(£ 2 and 77^772 have the same type. 

□ 

Corollary 8.10. Suppose R\,R 2 are right triangles. Let £i£2, 771772, £i £2 C be three geodesies 
such that any two of £(£21 WiVb C1C2 ^ a- fe nonempty intersection. If £i£2, 771/725 C1C2 pairwise have 
different types, then £i£ 2 H n C1C2 = 0- 

Proof. Note that there are at most two types of geodesies through a fixed vertex. Suppose £J£ 2 fl 
^ C1C2 contains a vertex u>. Then two of £i£ 2 , ^i^; C1C25 sa y £1^2 and ^l 7 /^ have the same type. 
It follows that at least one of the angles that £i£ 2 and 77^773 make is even. Lemma 18.91 then implies 
£i£2 and 7717/2 have the same type, contradicting to the assumption. 

□ 

Lemma 8.11. Let A be a Fuchsian building with R = (2, 4, 6) or (2, 4, 8). Suppose £i£2, 771772 C A^ 
(£ij £2, ^l: ^2 6 <9A) are disjoint and are at different sides. Assume 7717/2 contains vertices v with 
m(v) = 2. Let pq (p G 771)72, g G C1C2) be the perpendicular between r\\r\i and £162- If ^3^4 C A' 1 ) 
(£3, £4 G 9A) is a geodesic such that £3^4 fl £i£2 7^ 0, £3^4 H 7/1772 = 0, and that £3^4 and r/ir/2 are at 
different sides, then q G £3^4 and pq is also the perpendicular between 771772 and £3^4. 

Proof. We shall only write down the proof for R = (2,4,8), the case for R = (2,4,6) is similar. 
Suppose q £ £3^4. We may assume £3^4 fl £i£2 = xy C interior(g£2) with x G interior(g£2) and 
y G U {£2}- Let p'q' (p' G 771772, q' G £3^4) be the perpendicular between 7717/2 and £3^4. By 
Proposition 18.41 and our assumption, m{p) = m(p') = 2 and Z q i(p',£j) = 3tt/A (j = 3,4). Note 
^■yziVliq) = ^x 2 (y 1,^,2) = 7n/8. If p' G interior(j/ 2 »7i), then Q = (q',p',y 2 ,x) has angle sum 

> 37r/4 + tt/2 + 7tt/8 + it/8 > 2n, impossible. If p' = p, then q'q — q'p' U pq since m(p) = 2; 
hence T = (q 1 , q, x) has angle sum > 3tt/4 + 3tt/4 + 7r/8 > n, again impossible. Now assume p' G 
interior(y 1 77 2 ). If x G interior(x 2 £2)) then (q',p', x 2 , x) has angle sum > 37r/4+7r/2 + 77r/8+7r/8 > 27r, 
impossible. If x = x 2 , then (q',p',x 2 ) has angle sum > 37r/4 + 7r/2 + 7r/8 > tt, also impossible. Hence 
q G £3^4. Proposition 18.41 implies d(r)in 2 , £^£4) = d(nii] 2 , £1^2) = d(p,q). So pg realizes the distance 
between 7/17/2 and £3^4. Since A is CAT(— 1), pq must be the unique perpendicular between 771772 
and £ 3 £ 4 . 

□ 

Lemma 8.12. Let A be a Fuchsian building with R = (2, 4, 6) or (2, 4, 8). Suppose £i£2, 771772 C A' 1 ) 
(£ii £2, 771 , 772 G <9A) are disjoint and are at different sides. Assume 771772 contains vertices v with 
m(v) = 2. Let pq (p G 771772, q G £162) perpendicular between 771772 and £i£2, andp\,p 2 G 771772 

/j/ie £?tjo vertices on r\\r\ 2 adjacent to p. If 7737/4 G A' 1 ) (7/3,774 G 9A) is a geodesic such that 
773774 n 771772 = v is a vertex, 7/37/4 n £i£2 = (j), and 7/37/4 and £i£2 are a/j different sides, then v = p\ 
or p 2 . Furthermore, if p'q' (p' G 7737/4, q' G £i£2) is the perpendicular between n^rj^ and £i£2, then 
q' = q and (v,q,p') is the boundary of a chamber. 

Proof. An argument similar to the proof of Lemma 18.111 shows that q' — q and v — p\ or p 2 . Let 
Q = (p, q,p' ,v). Q has right angles at p and p' and even angles at q and v: Z q (p,p') is even 
because m{q) = 4 and Z g (p, £1) = Z g (p',£i) = 37r/4; the angle at u is even since the assumptions 
and Proposition 18.41 imply that 7717/2 and 773774 have the same type. It follows that the angle sum 

> 77t/4 or > II71-/6 depending on whether R = (2, 4, 8) or R — (2, 4, 6). Proposition l5 . 31 then implies 
n(Q) < 2. Since Q has an even angle at g, we conclude that n(Q) — 2 and (v, q,p') is the boundary 
of a chamber. 

□ 

Proposition 8.13. Suppose Ri,R 2 7^ (2,3,8) are right triangles. Let A C Ai be an apartment and 
£1 £2, r/i 7/2 C A two intersecting geodesies contained in the 1-skeleton of A. Then £J£ 2 fl 77J772 ^ (j)- 
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Proof. Denote v — £1^2 H 771772. The proposition follows from Lemma |8.8I if m(v) — 2. From now 
on we assume m(v) — 4, 6 or 8. Suppose £J£ 2 ^ V1V2 = 4>- Proposition 18.41 implies £i£ 2 and 77^2 
have different types. By Lemma 18.91 Z„ (£1,771) is an odd angle. We may assume 77^772 contains 
vertices v' with m(v') — 2, and £i£ 2 does not. Let £344,773774 C be geodesies through v such 
that A,(£ij£3) and ^(771,773) are nonzero even angles. Lemma f8 . 91 implies £J£ 2 and £ 3 £ 4 are of one 
type, while 77^772 and 773774 are of another type. Since we have assumed £i£ 2 PI 77^772 = 4>, Lemma 18.61 
implies C3C4 n 77i77 2 = 0, £ 3 £ 4 n 773774 = and R 773774 = 0. 




Figure 5. 

Let p<7 (p G 77^772, q £ C1C2) De the perpendicular between 77^773 and £i£ 2 . Note m(p) = 2, m((7) = 
4. Now Lemma IS . 1 II applied to 77^ and £i£ 2 , £ 3 £ 4 implies q £ £ 3 £ 4 . Let yjj G p?7^ (i = 1,2) be the 
vertex adjacent to p. Denote by <j, r,, <jj G Link(A 2 , g) (i = 1, 2, j = 1, 2, 3, 4) the initial directions of 
qp, qpi and q^'j respectively. Proposition l8.4l implies the map / : {eri, <r 2 , 03, 0-4} — -> {ctti, ctt 2 }, where 
f{cj) is the initial edge of crcrj C Link(A 2 ,g), is well-defined and satisfies the property: f(o~x) 7^ 
/(ct 2 ), /(cr 3 ) 7^ /(C4). We may assume /(01) = /(<r 3 ) = ctti and /(cr 2 ) = /(<r 4 ) = crr 2 . Then 
ctti C o~ (J 1 n crcr 3 . The fact that £J£ 2 and £ 3 £ 4 are at different sides implies that < Z 9 (£-,<^) < 7r 
for 1 < i < 2, 3 < j < 4. Since m(g) = 4 and ao-j has combinatorial length 3, we conclude that 
a a 1 n<7<73 has combinatorial length 2. Similarly crer 2 ncrer4 also has combinatorial length 2. Let zi, z 2 
be as shown in FigureEl and u>i £ Link(A 2 ,q) be the initial direction of qzi. Then we have proved 
oo\ (~l o~o~Q — crux, (7 (7 2 n (T(T 4 = ctw 2 . It follows that 01(73 = cic^x U ^1(73 and (T2C4 = 02^2 U w 2 <74. 

Now Lemma 18.121 applied to £i£ 2 and r]'^, r]' 3 r] 4 implies that pi £ 773774 for i = 1 or 2. We 
may assume pi G 773774. Let p'q' (p' £ 773 774, (7' G C1C2) De the perpendicular between 773774 and £i£ 2 . 
Then q' — q and T = (pi, q,p') is the boundary of a chamber. Since 774773, 773774 are at different sides 
and Z pi (774,2:1) = 7r, we have p' 7^ z\. Let tr' G Link(A 2 ,g) be the initial direction of qp' . Then 
er'cjj = a' T\ \Jr\Gj for j = 1,3. Let p' 2 £ 773774, p 2 7^ pi be the vertex that is adjacent to p' but different 
from pi, and r 2 G Link(A 2 , g) the initial direction of qp' 2 - Now the edge path er 2 <7 U ot\ U Tier' U cr'<7 2 
is a geodesic loop with length 27r in the generalized polygon Link(A 2 , q). It follows that this loop is 
injective. In particular, if lj' 2 denotes the only vertex in the interior of o~2T 2 , then uj' 2 7^ ^>2- Now the 
argument in the second paragraph applied to 773774 and £(£ 2 , £ 3 £ 4 implies that cr 2 <74 = (72W 2 U w 2 <74. 
Consequently there are two different geodesic segments with length 7r/2 from <r 2 to 174: cr 2 tJ 2 UW2C4 
and cr 2 o; 2 Ucj 2 (74. This contradicts to the fact that Link(A 2 ,c/) is a CAT(l) space. 

□ 

For any c G T>a,v we denote its image in T>' A v by d . 
Lemma 8.14. Proposition Iff. 51 holds for those v with m(v) 7^ 4. 

Proof. Note there are 771(7;) geodesies in V' A v . By Proposition 18.131 any two geodesies in V' A v have 
nonempty intersection, in particular, Proposition 18.51 holds for those v with m(v) = 2. Suppose 
m(v) = 6 or 8. Lemma T8.9I implies that if £1^2, 771772 G T>a, v make even angles, then £(£ 2 , ViV^ also 
make even angles. Fix three geodesies ci,c 2 ,C3 G T>a,v that pairwise make nonzero even angles. 
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Since R2 7^ (2,3,8), Proposition 15 . 21 implies c'^c^Cg intersect in a unique vertex w £ A 2 . Suppose 
there is a geodesic c £ X>a,-u such that w ^ c'. Let x t = c- n c' (i = 1, 2, 3). We may assume Xi lies 
between x\ and 2:3. Consider the triangle {w,x\,x-i): X2 S interior^ixs) and both /. w (x\,X2) and 
/- w (x 2 , £3) are even. Proposition 15 . 21 implies i?2 = (2,3,8), contradicting to our assumption. 

□ 
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Figure 6. 



Lemma 8.15. Provosition 18. 51 holds for those v with m(v) — 4. 

Proof. Let c\, c 2 6 be the two geodesies that contain vertices v' with m(v') = 2, and C3, C4 the 
other two geodesies in Da v , see FigureEl Let x, y € C\ be the two vertices on c\ adjacent to v, and 
P, 1 G C2 the two vertices on c 2 adjacent to v, as shown in Figure[f)| Let £1^2, V1V2 C A^ be the two 
geodesies in .A perpendicular to ci and passing through x, y respectively, and ^3^4, ^3^4 C A^ the 
two geodesies in A perpendicular to ci and passing through p and q respectively. Let w = c'i n c 2 . 
Suppose w ^ c 3 . Denote lOj = c 3 fl c'^ for i = 1, 2, 4, and w' 2 = c 2 H C4. Since ci, C2 make even angles, 
Lemma 18.91 implies that c' 1; c 2 make even angles at w. Proposition 15 . 21 applied to (u>,u>i,u>2) shows 
that W1W2 contains exactly one vertex wq in the interior, and m(wo) = 2 or 4. Now we observe 
W4 s {wo, wi, 1^2}. Suppose otherwise, say, w\ G interior (102^4) holds. Then (w 2 ,W4,W2) has an 
even angle at 104 and one side W2W4 contains two vertices wq and w\ in the interior, contradicting 
to Proposition 15. 21 

We first consider the case W4 € {wi,W2}, say, w± = w\. The triangle (u> 2 , w\, W2) has an even 
angle at Wi. Since the side W1W2 contains wq in the interior, m(wo) = 2 and m(wi) = 6 or 8. 
Hence A Wl {w 2 ,w 2 ) = tt/3 or ir/4. The three geodesies c\,c-$ and £1^2 have different types, and any 
two of them have nonempty intersection. Corollary I8.1UI implies W\ ^ $1^2- For the same reason, 
w± £ rj[ri 2 . Let Zi — c\ n£^£ 2 f° r i — 3, 4. Then {w\, z 3 , z 4 ) has an even angle at W\. Since m{w{) = 6 
or 8, Z Wl (za, Z4) — ir/3 or 7r/4. ft follows that either {w 2 ,w' 2 } — {^3,24} or {w 2 , w' 2 } fl {23, Z4} = 4>. 
If {w2,w 2 } — {23,^4}, then is connected to an endpoint of c' 2 by a geodesic contained in A^. 
It follows that £1 is connected to an endpoint of C2 by a geodesic contained in Aj , which is not 
true. Hence {w 2 ,w' 2 } fl {23,24} = <f>. Replacing £[£' 2 with rj[r] 2 in the above argument, one sees 
ij[ri 2 contains zz and Z4. Then rf x is connected to or £ 2 by a geodesic in A^ 1 -*. It follows that 
r/i is connected to £1 or £2 by a geodesic in A^ , which is not true. The contradiction shows 
W4 ^ w\. Similarly W4 7^ w 2 . Hence W4 = wq. The triangle {wq,w 2i w 2 ) has an even angle at wq. 
It follows that m(wo) 7^ 2 and hence m(wo) = 4. Proposition 15.21 applied to (vjo,W2,ui' 2 ) implies 
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that /. W2 (wq,u)' 2 ) = 7r/6 or 7r/8. Finally we apply Proposition 15 . 21 to (w, w\, W2) and conclude that 
w = w' 2 . 

Suppose wo ^ £'i£'2- Then the three geodesies c' 3 , c 4 and £4^ form a triangle with an even angle 
at Wo. It follows that either w\ £ £,[£,'2 or w 2 £ £i£'2- On the other hand, the preceding paragraph 
shows wi £ £{£2- Hence w 2 6 £i£ 2 - Let w 5 = n c 4 . Note 7u 5 w, otherwise £'2 is connected 
to one of the endpoints of c' 2 by a geodesic contained in A^, which is not true. Let z = C3 fl £1^2- 
Then m(z) = 6 or 8 and z £ ^3^4- Since u>2 = c 3 fl £(£2) Lemma 18.141 implies that w 2 £ ^3^4- 
Let wg = C4 fl £3^4 • Notice wq £ ww$. Suppose otherwise, say w$ £ interior (wwq) holds, then 
(1V2, W5, wq) has an angle Z W5 (W2, Wq) — 57r/6 or 77r/8, which is impossible. There are three vertices 
on WW5: w, wq, W5. Assume wq — w. Then £ 3 £ 4 n c' 2 is a nontrivial interval, which implies £3 is 
connected to an endpoint of c 2 by a geodesic contained in A 2 . It follows that £3 is connected to 
an endpoint of c 2 by a geodesic contained in A 4 , which is not true. Similarly wq ^ wq,w^. The 
contradiction shows that wq £ £,[£2- Similarly wq £ ili 7 !^- 

Since C3 and £1^2 have different types, Lemma 18.91 implies c 3 and £[£'2 have different types. 
Similarly c' 3 and 77^772 have different types. So £[£'2 an d V1V2 have the same type. £[£2 and 77^772 
make 4 angles at w : ^w {£i,Vx)- l ^0(^1)^2)1 ^w (£'2, Vi): 4 (CW2)- If an y one of these angles 
is or 7r, then some £j is connected to some 77^ by a geodesic contained in A^. It follows that £i 

is connected to some rjj by a geodesic contained in A^, which is not true. Recall m(iuo) = 4. It 
follows that the 4 angles that £[£'2 and 77^772 make at wq are all tt/2. Hence £J£ 2 aim are locally 
contained in an apartment and Lemma l6.4l implies £[£'2 and 774772 are at different sides. Consequently, 
£i£2 and 771772 a re at different sides, which is not true. The contradiction shows w £ c 3 . Similarly 
w £ c 4 . 

□ 

8.4. Geodesies through a fixed vertex. 

Proposition 8.16. Let Ai, A2 be two Fuchsian buildings, and h : <9Ai — > d/S.2 a homeomorphism 
that preserves the combinatorial cross ratio almost everywhere. Let v £ Ai be a vertex. If both 
Ri and R2 are right triangles different from (2,3,8), then the geodesies in T>' v intersect in a unique 
vertex of A2 . 

Proof. Proposition 18.51 implies that for any vertex v £ Ai and any apartment A containing v, the 
geodesies in T>' A v intersect in a unique vertex va £ A2. By Lemma f7. 31 we only need to show that 
Va-l = va 2 holds for any two apartments A\,A2 C Ai containing a vertex v with Link(Ai,7>) PI 
Link(A2,f) a half apartment in Link(Ai,7j). Let Bi = Link(Ai, v)(i = 1,2), and oj\, 0J2 the two 
endpoints of B\ n i?2- Denote by m the midpoint of B\ B2, and m, £ Bi the point in Bi opposite 
to m. Since m(v) is even, 777,777,1 and 7772 are all vertices in Link(Ai,u). Let £1,^3 £ dA\ and 
^2j^4 G 9A2 such that v£i, v£2 have initial direction u>\ and v£s, v£^ have initial direction u>2. 
Similarly let 771,773 £ dA\ and 772,774 £ dA2 such that 71773, 7^774 have initial direction 777, and vr/i 
(i = l,2) has initial direction 777^. Then we have 77^ = 7177^ U vrjj C A^ if i ^ j, {i, j} {3, 4}. 

Now consider the three geodesies 774 773, 774773, 773773 C A 2 ^. Since R2 ^ (2,3,8), Lemma 1731 
implies there is some vertex w £ A2 such that 774772 = 7x1774 U 7W77 2 , 774773 = 70774 U 70773 and 773772 = 
wq 3 U wrj' 2 . Notice that 77^ (1 < i ^ j < 3) and £4^3 make a right angle and are locally contained 
in an apartment. Lemma |6.4I implies r)ir)j and £4^3 are at different sides. It follows that 77^77^ and 
£[£' 3 are also at different sides. Now Lemma 18.71 implies w £ £[£' 3 . Similarly w £ £ 2 £4- Note 

vai = £'iC 3 n 7747/3 = w. 

Now apply the above argument to 771, 772, 774, instead of 771, 772, 773, we see there is a vertex w' £ A2 
such that 774772 = w'rf x U 71/772, 774774 = 77/774 U 77/774 an d V4 v'2 — w'Va U w'n' 2 , and both £[£' 3 and £2^ 
contain w' . In particular, w' — £[£' 3 D 774772 = w. Therefore va 2 = £2^4 ^ rfiVi = w' = w = VA t - 

□ 
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Proposition 8.17. Let Ai, A2 be two Fuchsian buildings, and h : dAi — > d&2 a homeomorphism 
that preserves the combinatorial cross ratio almost everywhere. If one of R\, R2 is (2,3,8), then so 
is the other. 

Proof. The proof is similar to that of Proposition 17. 12| Suppose R\ = (2,3,8) and R2 7^ (2,3,8). 
Proposition l7. 121 implies that R2 is also a right triangle. Let A be an apartment of Ai. Let Q be the 
set of geodesies contained in A^- 1 ' that do not contain any vertex v with m(v) = 3. Let c\,C2 G Q 
with c\ (~l C2 7^ (p. Then c\ and C2 are at different sides and make even angles at c\ (~l c%. Lemma 18.91 
implies that their images c[, c' 2 in A 2 have the same type. Note c[, c' 2 are also at different sides. 
Since R2 7^ (2,3,8), Proposition ^. 41 implies c[ (~l c' 2 7^ <fi. ft follows that c[, c' 2 make even angles at 
c'i nc 2 . 

The geodesies in £7 divide ^4 into triangles, which shall be called "chambers" . Let D be such a 
"chamber" , and ci, C2, C3 G £ the three geodesic containing the three sides of D. Since R2 7^ (2, 3, 8), 
Proposition ^ . 2l implies the images C A2 (i = 1, 2, 3) have a common vertex, which we shall denote 
by two. Similarly, for a vertex v e A with m(v) = 8 and Cj (z = 1, 2, 3, 4) the 4 geodesies in through 
v, Proposition ^ . 2l implies the images c[ C A 2 (i — 1, 2, 3, 4) have a common vertex, which is denoted 
by w v . 

Now let D\, D2 be two adjacent "chambers" in A. Then there is a vertex v G A and 5 geodesies 
Ci, 1 < i < 5 such that ci, C2, C3 pass through u, ci, c 2 , C4 contain the sides of D\ % and C2, C3, C5 
contain the sides of D2. The above paragraph shows wd — w v — wd' ■ Notice A is gallery connected: 
given any two "chamber" s D, D' , there is a finite sequence Dq — D, D±, ■ ■ ■ , Dk = D' such that Di 
and Di + i share a side. It follows that there is a vertex w G A2 such that the images of the geodesies 
in Q all contain w. We get a contradiction as in the proof of Proposition l7.12l 

□ 

9. The exceptional case (2, 3, 8). In this section we prove Theorem 11.31 when both R\ and R2 are 
(2, 3, 8). As usual Proposition 15. 21 is used in the manner as indicated in Remark 17.61 

9.1. Buildings with chamber (2,3,8). Let A be a Fuchsian building with chamber (2,3,8). The 
vertex links of A are generalized polygons. By Section l2~2*l there are two integers p, q > 2, p 7^ q 
such that the following holds: an edge e is contained in exactly p + 1 chambers if e is incident to a 
vertex v with m{v) = 3, and is contained in exactly q + 1 chambers otherwise. There are only two 
types of complete geodesies in A: 

(1) Type I: geodesies that do not contain any vertex v with m(v) = 3; 

(2) Type II: geodesies that contain vertices v with m(v) = 3. 

We shall use the following terminologies. We say an edge is numbered by i (i — p or q) if it 
is contained in exactly i + 1 chambers. All edges in Type I geodesies are numbered by q, and all 
edges in Type II geodesies are numbered by p. We say a vertex v G A has index i (i = 2, 3 or 8) if 
m(v) = i; we also say v is indexed by i. If we record the indexes of vertices on a Type II geodesic 
in linear order, then they are: • • • , 8, 3, 2, 3, • • • , with period 4. We say the vertices on a Type II 
geodesic are periodically indexed by 8, 3, 2, 3. Similarly if we record the indexes of vertices on a Type 
I geodesic in linear order, then they are: • • • , 8, 2 • • • , with period 2. We say the vertices on a Type 
I geodesic are periodically indexed by 8, 2. 

The following lemma follows directly from Proposition 15. 21 

Lemma 9.1. Let T c A^ 1 ) be a triangle homeomorphic to a circle such that all the sides of T are 
contained in Type II geodesies. Then S(T) is the union of two chambers as shown in Figure\^J). 

Recall the chamber (2,3,8) has area Ao — 7r/24. 

Lemma 9.2. There is no quadrilateral Q C A' 1 ) with the following properties: all sides of Q are 
contained in Type II geodesies, and there is some side xy of Q such that the angles at x and y are 
2tt/3. 
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Proof. Suppose there is such a quadrilateral. Notice each angle of Q is > 7r/4. Proposition 15.31 
implies that n(Q) < 4. But there are at least two chambers in S(Q) incident to each of x and y. 
It follows that S(Q) is the union of these 4 chambers. But the boundary of this union is not a 
quadrilateral, contradiction. 

□ 

Lemma 9.3. Let Q = (x,y,z,w) C A^ 1 -* be a quadrilateral homeomorphic to a circle with the 
following properties: all sides of Q are contained in Type II geodesies, the angles at x and y are even 
and at least two vertices in the interior of xy are not indexed by 2. Then m(y) ^ 8 for every vertex 
v G interior(xy) and there is a vertex v' G zw with m(v') = 8. 

Proof. If m(x) — 2, then Q is actually a triangle and we obtain a contradiction to Lemma 19.11 
Hence m{x) ^ 2, and similarly m(y) ^ 2. At least one of m(x),m(y) is ^ 3, otherwise we have a 
contradiction to Lemma f9. 21 

First assume exactly one of m(x), m(y) is 3, say, m(x) = 3. Since the angle at x is even and each 
angle is at least 7r/4, Proposition l5 . 3l implies n{Q) < 14. Recall the vertices in a Type II geodesic are 
periodically indexed by 8, 3, 2, 3. Since m(x) = 3, m(y) — 8 and at least two vertices in interiorly) 
are not indexed by 2, there are vertices Vi, v%, V3, V4 G interiorly) such that x, Vi, V2, U3, V4, y are in 
linear order and m(vi) — 8, m{v2) = 3, m{vz) = 2, 771(1)4) = 3. Recall the angles at x and y are even. 
We count the chambers in S(Q): there are at least 2 chambers incident to x, 7 incident to v\ but 
not x, 2 incident to vi but not v\, 1 incident to V3 but not 1)2, 2 incident to 774 but not U3, and 1 
incident to y but not V4, for a total of 15. This contradicts to the above conclusion that n(Q) < 14. 

Now assume m(x) = m(y) = 8. Suppose there is a vertex v G interior (xy) with m(v) — 8. Let 
x\ G xy be the vertex on xy closest to x with m[x\) — 2, and y\ G xy the vertex on xy closest to 
y with m(yi) = 2. Let C\, C2 be chambers in S(Q) incident to xx, y\ respectively, and 7)3, 774 their 
vertices with 777(773) = 111(1)4) = 8 respectively. Note none of 7^3,^4 lies on the sides of Q incident to 
x or y because Z x (vs, y), /- y (v4, x) — 7r/8 and the angles of Q at x and y are even. It follows that 
{1)3,7)4} n {z,tu} = <t>. Hence there are at least 8 chambers of S(Q) incident to each of V3, V4, v. 
There are also at least two chambers incident to each of x and y. Therefore there are at least 28 
chambers in S(Q). On the other hand, since each angle of Q is at least 7r/4, Proposition 15 .31 implies 
n(Q) < 24, a contradiction. Hence 777(7)) ^ 8 for all vertices v G interiorly). 

Since 771(7;) 7^ 8 for all vertices v G interiorly), there is exactly one vertex vq G xy with 
m{vo) = 2. Let C be a chamber in S(Q) incident to vq, and v' the vertex of C with 777(77') = 8. If 
v' G Q, then the above argument shows v' G interior(z7x>) and the lemma holds. So we assume v' 
lies in the interior of S(Q). Then there are at least 16 chambers in S(Q) incident to v' . There are 
also (at least) two chambers incident to each of x, y. Hence there are at least 20 chambers in S(Q). 
Suppose there is no vertex v' G zw with m(v') = 8. Then the angles at z and w are > 7r/3. Since 
the angles at x and y are > 7r/4, Proposition 15.31 implies n(Q) < 20. So S(Q) must be the union 
of the 20 chambers exhibited above. However, the boundary of this union is not a quadrilateral, 
contradiction. 

□ 

Lemma 9.4. Let ^i^2,??i^2 C A^ 1 -* (£1 , £2 , Vi > ^2 G dA) be two geodesies that are locally contained 
in an apartment. If £1^2, have the same type and make a right angle, then they are at different 
sides. 

Proof. Let xq = £1^2 H 771772. The assumption implies m(xo) = 8. If there is some x G 771772, x ^ xq 
such that x£i (~l £1^2 = ^'£1 ( x> G £1^2) is a ray and x£\ H 7/1772 = {x}, then (x' , x , x) C A^ 1 ) has an 
even angle at x' and a right angle at xq. Proposition 15 . 21 implies that 777(2:0) = 2, contradicting to 
the above observation. Hence x^\ H £1^2 = 4> f° r an Y x S V1V2, x 7^ ^o- Similarly x^2 H £1^2 = 4> f° r 
any x G 7/1772, x 7^ xq and y?7i n 771772 = <f> (i = 1, 2) for any y G £1^2, y 7^ xq- Then one argues as in 
Lemma ffi.31 that £1^2, 771/72 are at different sides. 
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9.2. Two geodesies at different sides. Let A be a Fuchsian building with chamber (2,3,8). There 
are two integers p,q > 2, p =^ q such that all the edges in Type I geodesies are numbered by q, 
and all the edges in Type II geodesies are numbered by p. The goal of this section is to show the 
following: 

Proposition 9.5. Let A be a Fuchsian building with chamber (2,3,8). If two disjoint geodesies 
Ci,C2 C A' 1 ) are at different sides, then they have different types. 

The proof of Proposition 19. 51 is divided into two propositions fPropositions 19 .til and 19 . 1 2j l . 

Proposition 9.6. Let A be a Fuchsian building with chamber (2,3,8). If two Type I geodesies 
£i£2, 771772 C A' 1 ' are at different sides, then £1^2 H 771772 ^ <fi- 

Recall the vertices on a Type I geodesic are periodically indexed by 8, 2. 

Lemma 9.7. Let £i£2. 771772 be two disjoint Type I geodesies. If they are at different sides, then 
there are no vertices y' E £,i£,2, V £ such that Z y /(y,£i) — Z y t(y^ 2 ) = i". 

Proof. Suppose there are vertices y' E £1^2, y E 771772 such that Z y >(y, £1) = Z y /(y, £2) = i"- The 
assumption and Lemma implies that there exists E £1^2 (i = 1> 2) such that XiTji 0771772 = x^ 
(x- E 771 772) is a ray. We may assume 0^77, n £1^2 = {^i}- We claim Z y {y' , 77,-) = 7r/4 for i = 1,2. The 
triangle inequality then implies Z y (r/i, 772) < tt/2, contradicting to the fact that 77 E 771772- Next we 
prove the claim. 

The fact that £1^2, 771772 are at different sides implies that Z y (y',rji) < tt for i = 1,2. It follows 
that x[ ^ y. The uniqueness of geodesies implies that x\ E interior(y?7j). Notice xiy = Xiy'Uy'y and 
[xi,y,x'^) is a triangle. Since £1^2, 771772 are Type I geodesies, all the angles of (xi,y, x'^) are even. 
Proposition 15 . 21 then implies Z y (y',r]i) — Z y (y',x' i ) — it /A. 

□ 

Lemma 9.8. Let ^1^2, 771772 be two disjoint Type I geodesies. Suppose £1^2; 771772 are at different 
sides. Let E 771772 (i = 1, 2) be a vertex such that C\£,i£,2 — y'iCi * s a ra V an( ^ ViKi 0*71772 = {Hi}- 
Then yi ^ y 2 . 

Proof. We suppose y\ = yi. Lemma 1^771 implies y[ ^ y' 2 . The uniqueness of geodesic implies 
y[ E interior (y 2 £i)- The triangle {y'^y^iVi) nas three even angles and Proposition 15.21 implies 
Z yi (y'i,y 2 ) = 7r/4 and yxy'j is the union of two edges. Let Xi E £1^2 be such that XiTji 0771772 = xfyi 
(i = 1, 2) is a ray and x l r\i (~l £16 = {xi}. 

First suppose X; ^ y'iy'2 f° r i = 1 or 2. Then xi E interior^-^ ) for some j. The uniqueness of 
geodesic implies x\ E interior (yiT]i). Then (2/1, afj, 2^) has three even angles and has a side yiXj = 
771 t/j U y'jXi consisting of at least three edges, contradicting to Proposition 15. 21 Hence Xi £ y'^ for 
% = 1,2. Note Xi?7i is of Type I since it shares a ray with a Type I geodesic. It follows that xix\ makes 
even angles with £1^2 ■ Hence m{xi) ^ 2, otherwise Z Xi (£i,a;Q = Z Xi (^2,x' i ) — n, contradicting to 
Lemma 19.71 On the other hand, y'xy'2 contains only one vertex v in the interior and it satisfies 
m(v) — 2. Hence {xi, X2} C {y[, y 2 }. In particular, there is some j with x\ — y'j. The uniqueness of 
geodesic implies x[ E 771771 . The equality x[ — y\ does not hold since it would imply ^ and 771 are 
connected by a geodesic contained in the 1-skeleton, contradicting to the assumption that £1^2, 771772 
are at different sides. Now (xi,yi, x[) has three even angles and so yix[ is the union of two edges 
and Z yi (jjp 771) = tt/4. Similarly X2 = y[ for some I = 1, 2, x' 2 £ interior (771 772) and Z yi {y[, 772) = tt/4. 
If I = j, then triangle inequality implies Z yi (771, 772) < tt/2, contradiction to the fact that y\ E 771772. 
If Z ^ 7, then Z V1 (771,772) < Zy^y'^rii) + Z yi (y' 1 ,y' 2 ) + Z yi (y' v r]2) < 3tt/4, again a contradiction. 

□ 

The index £ + 1 is taken mod 2 in the proofs of Lemma f9. 91 Propositions 19 . 61 and 19 . 1 21 
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Lemma 9.9. Let 66; V1V2 be two disjoint Type I geodesies. Suppose 66, V1V2 are at different 
sides. Let yi G 771772 {i = 1, 2) be such that ?/j£j PI 66 = y'£i is a ray. Then y[ ^ y' 2 . 

Proof. We suppose y[ = y' 2 . We may assume y^i n 771772 = {yi}- The triangle (2/1,2/1,1/2) has three 
even angles, and hence each side is the union of two edges and Z yi (y' 1 ,y i+ i) = 7r/4. Let x\ G 66 
be such that 21771 n 771772 = x^r/i is a ray and £16 (~l 66 = {21}. First assume Xi G interior(y^i). 
The uniqueness of geodesic shows x[ G interior(yi7ji). Then {x' x ,y\,Xi) has three even angles 
and its side x±yi = xiy[ U y[y\ contains at least three edges, contradicting to Proposition 15.21 
Similarly x\ G interior^ £2) cannot hold, and we must have x\ = y[. Uniqueness of geodesic implies 
x[ £ interior(j/i?72) for i — 1,2. The fact that 66, 771772 are at different sides implies x' x ^ 2/i>2/2- 
There is some i = 1, 2 such that x[ G interior(j/i77i) and j/i+i £ 2/i?7i- Then (x\,x' x ,yj) has three even 
angles and hence we have Z yi (x' 1 , xi) — 7r/4. It follows that Z yi (rii, 772) < 77/2, contradicting to the 
fact that yi G 771772. 

□ 

Lemmas EH E3 and uniqueness of geodesic imply the following: 

Corollary 9.10. Let 66, 771772 be two disjoint Type L geodesies. Suppose 66? 7/i7?2 a7"e at different 
sides. Let yi G 771772 (i — 1, 2) be such that y£{ n 66 = 246 * s a ra y an d Vi€i ^ ^l^fa = {yi}- Then 
yi ^ 2/2 and y[ £ interiorly'^). 

Lemma 9.11. Let 66, 771772 be two disjoint Type I geodesies. Suppose 66, 771772 are at different 
sides. Let yi G 771772, X\ G 66 be such that yi£i (~l 66 = 2/i6> x lVl ^ V1V2 — x'tVl are rays and 
2/i6 H 771772 = {2/1}, Xi?7i H66 = {21}. Then y[ G interior(xi£\) and x[ G interiorly i?7i). 

Proof. We show (1) and (2) of Proposition cannot occur. First suppose (1) of Proposition 
occurs, that is, y[ G interior(xi6) and 2/1 G interior(x'i77i). In this case, xiyi — X\x\ U x\y\ and 
(y[,yi,Xi) has three even angles. It follows that the only vertex x\ in the interior of 212/1 satisfies 
m(x'i) = 2. Since (771, 21) = 77, we also have Z.^ (772, x\) — 77, contradicting to Lemma 19.71 

Now suppose (2) of Proposition 16.81 occurs . that is, y\ G interior(2i6) and y\ — x\. Let 22 G 
66, 2/2 G 771772 be such that x 2 m = x' 2 r]2, 2/26 H 66 = 2/26 are rays and 2 2 ?72 H66 = {^2}, 

2/26^771772 = {2/2}- Corollary 19.101 implies .x 2 G interior (21 772) and 2/2 G interior^ £2) < Notice 
m{xi) = m(a^) = m(yi) — rn{yj) = 8 for i = 1,2, otherwise if, say, m(2i) = 2, then Z Xl (x[, 6) = tt 
for i = 1,2, contradicting to Lemma 19.71 Since (xi,a;j,j/j) has three even angles, xiy[ contains no 
vertex indexed by 8 in the interior. So we have y' 2 G 216 ■ 

First consider the case y 2 = x\. Then y 2 ^ y\ by Lemma l9~Sl Since (x\, r/i) = 77, we have 2/2 G 
interior(2/i772). The triangle (21, 2/1, 2/2) has three even angles and so the side 2/12/2 contains no vertex 
indexed by 8 in the interior. Consider X2x' 2 . Corollary 19.101 implies X2 7^ x\ and x 2 G interior^'^). 
Since m(x' 2 ) = 8, we have x 2 G 2/2772- By the first paragraph X2 G interior(2i6)- Since 771(22) = 8 
and X12/1 contains no vertex indexed by 8 in the interior, X2 G 2/16 ■ Now 222/1 = 222/1 U 2/'i2/i and 
(22,2/1,22) has three even angles. The three triangles (22,2/1,22), (21,2/1,21) and (21,2/2,2/1) gi ye 
rise to a loop with length 377/4 in Link(A, 2/1), which is impossible. 

Now consider the case y 2 G interior(2i^2)- By considering (21,2/1,2/1) we see Z Xl (2/1, 2/i) = 77/4 
and so Z a:i (2/i,6) ^ 37r/4. It follows that 2/2 G interior(2/i?72). Consider Q = (21,2/1,2/2,2/2)- Q has 
one angle Z !Cl (2/i,6) ^ 377/4 and the other three angles > 7r/4. Proposition 15.31 implies 77(Q) < 12. 
On the other hand, there are at least 6 chambers in S(Q) incident to 21, at least 2 chambers incident 
to each of y' 2 , 2/2, x[, for a total of 12. It follows that S(Q) is the union of these 12 chambers. However, 
the boundary of this union is not a quadrilateral, contradiction. 

□ 

Proof of Proposition I9T61 Suppose 66 ^ V1V2 — 4>- Let yi G 771772 and Xi G 66 (* — 1,2) be 
such that //,;', n 66 = Vij i, XiVi H 771772 = 2-77i are rays and y^ n 771772 = {yi}, xtfi n 66 = { x i}- 
Corollary 19.101 and Lemma V) . 1 II imply that there are two cases: 
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(1) there is some i = 1,2 such that £i, y[, Xi, x»+i, 2/ 2 > £2 and x^, t/i, 2/2, x^ +i , 77^+1 arc in linear 
order; 

(2) there is some z = 1,2 such that £i, yj, Xi, Xi+i, y' 2 , £2 and Vii ^ii 2/2j V\i x 'i+ii Vi+i arc m linear 
order. 

We prove (2) is impossible, one similarly proves that (1) is impossible. Suppose (2) holds. Recall 
m(v) — 8 if v is one of the vertices Xi, x' i: yi, y[ (i = 1,2). Consider Q = (2/1,2/1,2/2,2/2)- Since all 
the angles of Q are even, Proposition 15.31 implies n(Q) < 24. We count the chambers in S(Q) by 
counting the chambers incident to vertices indexed by 8. The vertices Xi,Xi+i lie in the interior of 
y'iy'2, and so there are 8 chambers incident to each of them. There are also at least two chambers 
incident to each of yi, 2/1,2/2, 2/2- We have exhibited 24 chambers in S(Q). It follows that n(Q) = 24 
and Z Vl (y[,y2) — n/4. Now consider Q' — (7/1, 7/1, xL_i, Xj+i). The quadrilateral Q' has an angle 
Z Vl (y' 1 , x' i+l ) > 37r/4. It follows that m(Q') < 12. On the other hand, there are at least 8 chambers 
in S(Q') incident to Xi and at least 2 chambers incident to each of 2/1,2/1, x£ , x , afj+i, for a total of 
16, contradiction. 

□ 

We next consider Type II geodesies. 

Proposition 9.12. Let A be a Fuchsian building with chamber (2,3,8). If two Type II geodesies 
£i£2,f?i??2 C A*- 1 -* are at different sides, then £1^2 H ??i?72 7^ <t>- 

We start with some lemmas. 

Lemma 9.13. Let £1^2, Vi 7 !? be two disjoint Type II geodesies. Suppose £1^2, o,re at different 
sides. Let yi € 771772 (i — 1, 2) be such that y^ n £1^2 = 24£i is a ray and y£i n 771772 = {yi}- Then 
Vi + 2/2- 

Proof. Suppose 7/1 = 2/2- If y[ 7^ y'21 then y[ 6 interior(2/ 2 £i). (2/1,2/2' nas two even angles and all 
its sides are contained in Type II geodesies, contradicting to Lemma HOl So we have y[ = y' 2 . In this 
case, Zy/ (£1,2/1) = Z y /(£ 2 ,2/i) = 7r. Let af» € £16 (i = 1, 2) be such that x^ (~l 771772 = x^rji is a ray 
and XirjiH^i^ = {x^}. The uniqueness of geodesic implies x\ G 2/1 Since £1^2, T71172 are at different 
sides, we have x[ ^2/1- Lemma f9. II applied to (xi, x^, 2/1) shows Z yi {r\i,y'^) = Z yi (x' i ,y[) — ir/4 or 
7r/3. Triangle inequality then implies Z yi (771, 772) < 27r/3, contradicting to the fact that 2/1 € 771772- 

□ 

Lemma 9.14. Let £,1^2, Vi 7 !? be two disjoint Type II geodesies. Suppose £1^2, o,re at different 
sides. Let 7/1 G 771772, X\ G £i£2 be such that 2/i£i n £i£2 = 2/i£i; X1771 H 771772 = ^771 are rays and 
2/i£i H ?/i 772 = {2/1}, £1771 n£i^2 = {xi}. TTiera 2/1 G interior{x\t;i) and x[ G interior^ y\ 771). 

Proof. We show (1) and (2) of Proposition lo^ cannot occur. First suppose (1) of Proposition RT51 
occurs, that is, 2/1 £ interior(:ri£i) and 7/1 G interior (x'i 771). In this case, all sides of {%i,yi,y'i) 
are contained in Type II geodesies and one of them Xiyi = x\x\ U x' x y\ consists of (at least) two 
edges. Lemma |9 . 1 1 implies m(x' 1 ) = 2. It follows that Z x i (xi, 771) = Z x / (xi, 772) = 7T, contradicting 
to Lemma f9. 131 

Now suppose (2) of Proposition l6~8l occurs. that is, y[ G interior(xi£i) and 7/1 = x^. The triangle 
(xi,2/i,?/i) has an even angle at y[. Lemma 19.11 implies y[yi, y[x\ are edges in A, m(y[) = 8, 
TO (2/i) = 3 and Z Xl (y±, y[) = 7r/3. Let X2 G £i£2 be such that X2772 n 771772 = x 2 ?72 ^ s a ra y anc ^ 
X2772 fl £i£2 = {x2j-- Lemma [9.131 implies xi 7^ X2. The uniqueness of geodesic implies x' 2 G x'1772. 
First assume x' 2 — x\. Since Z y i (£1,2/1) = 7r, the uniqueness of geodesic implies X2 G 2/1^2- The 
fact that £1^2, f?i772 are at different sides implies X2 7^ j/l- Hence X2 G intcrior(a;i£2)- In this case, 
(xi, X2, 2/1) has an angle Z Xl (x2,yi) > 27r/3, contradicting to Lemma |9. II Therefore we must have 
x' 2 G interior(xi?72). If X2 G interior(?/^i), then the side X22/1 of (X2, 2/1, x' 2 ) contains y[ in the interior 
with 771(2/1) = 8, contradicting to Lemma I^TI If x 2 = y[, then (x2,2/iiX 2 ) has an even angle at x' 2 
and Lemma 19 . 1 1 implies y[yi consists of two edges, contradicting to the above observation that 7/1 2/1 
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is an edge. The only remaining possibility is x 2 £ mtcrior(xi£2)- In this case, the two angles of 
{x 2 , X\, j/i, x' 2 ) at x\ and y\ are 2tt/3, contradicting to Lemma liOl 

□ 

Lemma 9.15. Let £i£ 2 ; f]iV2 be two disjoint Type II geodesies. Suppose £1^2, are at different 
sides. Let yi £ 771772 (i — 1, 2) he such that n £1^2 = j4£i *s a ray and y£i n 771772 = 27ien 
yi 7^ 2/2 and y[ £ interior(y' 2 £i) ■ 

Proof. The claim y\ ^ y 2 is the content of Lemma l9.13l Let x% £ £1^2 be such that xir/idni^ = x^rji 
is a ray and xi?7i l~l£i£2 = {xi}- Lemma 19 . 1 41 implies y[ £ interior(xi£i). The same lemma applied 
to y 2 £ 2 and S1771 shows y' 2 £ interior(xi£2)- Hence y[ £ interior(2/ 2 ^ 1 ). 

□ 

Proof of Proposition 19.121 Suppose £i£ 2 H 771772 = 0. Let 2/j S 771772 and Xi £ £i£ 2 (« = 1,2) be 
such th at yj£ j n £i£ 2 = y fe, X jTji n 771772 = x% are rays and y^ n 771772 = {yj, x^ n £i£ 2 = {^i}- 
Lemma f9. 141 and Lemma \9 . 1 51 imply that there are two possibilities: 

(1) there is some i = 1,2 such that £1, y^, Xj, Xj+i, y' 2 , £,2 and r/i,x' i ,yi,y 2 , x' i+1 ,r]i + i are in linear 
order; 

(2) there is some i = 1,2 such that £1, 2/1, x^, Xi+i, 2/2, £2 and r/i,x' i ,y 2 ,yi, x' i+1 ,r]i + i are in linear 
order. 

We prove (1) is impossible, the proof that (2) is impossible is similar. 

We assume (1) holds. We first observe that m(v) ^ 2 if v is one of the Xi^y^x'^y'^. if, for 
example, m(x' 1 ) = 2, then (771, xi) = /- x > (772, xi) = tt, contradicting to Lemma |9.13l Consider 
the quadrilateral (xj, Xj+i, x' i+1 , x'J. The two angles at x\ and x£ +1 are even, and the side x^xj +1 
contains the two vertices yi, y 2 in the interior with m(yi), m(y 2 ) ^ 2. Lemma 19.31 implies m(v) ^ 8 
for every vertex v £ interior (x£x' i+1 ) and there is a vertex v' £ XiXi+i with 771(7/) = 8. But the same 
lemma applied to (y[, y' 2 , y 2 , 2/1) implies m(w) 7^ 8 for every vertex v £ interior^ y 2 )- Here we have 
a contradiction since x^x^+i C interior^ y 2 ) and v' £ x^x^+i with m(v') = 8. 

□ 

9.3. The image of an apartment. Let Ai and A2 be two Fuchsian buildings with chamber (2,3,8), 
and h : <9Ai — > <9A 2 a homeomorphism that preserves the combinatorial cross ratio almost every- 
where. There are integers p ^ q > 2 such that all edges in Ai incident to vertices v with m(v) = 3 
are contained in exactly p+1 chambers, and all other edges are contained in exactly q+1 chambers. 
By Lemma \l . 1 1 there are two possibilities: 

(1) A geodesic c C A^ is Type I if and only if its image d is Type I. Hence all edges in A2 inci- 
dent to vertices w with m(w) = 3 are contained in exactly p+1 chambers, and all other edges are 
contained in exactly q+1 chambers; 

(2) A geodesic c C A^ is Type I if and only if its image d is Type II. Hence all edges in A 2 
incident to vertices w with m(w) = 3 are contained in exactly q + 1 chambers, and all other edges 
are contained in exactly p+1 chambers. 

Lemma 9.16. Let A be an apartment in Ai, and v £ A a vertex with m(v) = 8. Then the images 
of the 4 Type I geodesies (in A) through v intersect in a unique vertex of A 2 . 

Proof. Let 71, 72, 73 C A^ 1 -* be three geodesies of the same type. Suppose any two of them intersect 
in a vertex and 71 n 72 D 73 = <j>. Denote Xj = 7i-i H 7-t+i (i mod 3) and apply Proposition 15. 21 to 
T = (xi, x 2 , X3). If the 7i's are Type I, then all the angles of T are 7t/4; if the 7j's are Type II, then 
the angles of T are 7r/3, tt/3 and tt/4. In any case, the angles of T are < tt/2. 

Now let Cj C A (i — 1,2,3,4) be the 4 Type I geodesies through v, and their images. Then 
the geodesies c£, 1 < i < 4 have the same type. Proposition 19 . 51 implies r\Cj ^ <fi for 1 < i,j < 4. 
First suppose c[, c' 2 , c' 3 intersect in a point w and w £ C4. Let yi = c\C\ c[ for 1 < i < 3. We may 
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assume 7/2 lies between y\ and y 3 . Consider (w, 7/1, 7/2) and (w, 2/2,2/3)- The first paragraph implies 
Zy 2 (w,yi) < ir/2 and A y2 (w,y^) < n/2. The triangle inequality implies that Z V2 (yi,y 3 ) < n, 
contradicting to 2/2 € interior(2/i2/3). 

Next we assume any three of c-, 1 < i < 4 have empty intersection. Let i = 1, 2, 3 be as above. 
We may assume 2/2 lies between j/i and 2/3- Let w = c[n c' 3 and u>! = c[ n c 2 . Consider (wi, 2/1, 2/2)- 
The first paragraph implies Z y2 (wi,yi) < n/2. In particular, 771(2/2) 7^ 2. Since 2/2 G interior(2/i2/3), 
Proposition 15 . 21 applied to (7/7,2/1,2/3) implies 777(7/2) = 2, a contradiction. 

□ 

Let A be an apartment in Ai. Type I geodesies in A divide A into triangular regions, each of 
which is the union of 6 chambers. We consider the triangulation of A whose 1-skeleton is the union 
of Type I geodesies. We denote by A^\ i — 0, 1, 2 the z-skeleton of this triangulation. Notice A*- ' is 
the set of vertices v in A with 777,(7;) = 8. 

Proposition 9.17. Let Ai and A 2 be two Fuchsian buildings with chamber (2, 3, 8), and h : dAi —> 
<9A 2 a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then a 
geodesic c C A^ is Type I if and only if its image c' is Type I. 

Proof. We suppose the opposite holds, that is, a geodesic c C A^ is Type I if and only if its image 
c' is Type II. Fix an apartment A of Ai. First suppose there is a 2-simplex D in A^ such that 
c[ n c' 2 n c 3 7^ 0, where Ci,c 2 ,c 3 C A are the three geodesies that contain the edges of D. Then 
Lemma 19.161 and the proof of Proposition 18.171 imply that the images of all the Type I geodesies 
in A intersect in a unique vertex of A 2 , which is impossible. Hence for any 2-simplex D in A™, 
if ci, C2, C3 C A are the three geodesies that contain the edges of D, then c[ fl c' 2 fl c 3 = <j). Since 
c' 1; c 2 , c 3 are Type II geodesies, Lemma 19 . II implies they form a triangle in A2 which has two angles 
= 7r/3 and one angle = 7r/4. 

Let Di, D2 be two 2-simplices in A^ that share an edge. Let v be one of the common vertices of 
Di and D2, C2 the geodesic in A containing the common edge of D\ and D 2 , ci C A^> the geodesic 
containing the other edge of D\ incident to v, C3 C A^> the geodesic containing the other edge of 
D2 incident to v, and j% (i = 1, 2) the geodesic containing the third edge of Di. Denote w — c[ n c 2 , 
Xi = c\ n 7; (7 = 1, 2), X3 = c' 3 n 7 2 . By the last paragraph, Tj = (to, a^i, a^i+i) is a triangle with 
two vertices indexed by 3. We may assume 777(77;) = 3. Notice S(Ti) fl S(T2) C A2 is a convex 
subcomplex containing 10x2- We claim S(Ti) D S(T%) — wx2- By Lemma |9.1I S(TA is the union of 
two chambers. If S(Ti) D S(T2) ^ WX2, then S(T\) n S(Tz) contains a chamber incident to w, which 
implies c\ n c' 3 contains an edge of A 2 . This is impossible since c[ and c 3 are at different sides, see 
Lemma 16.121 

Let c 4 C A be the remaining Type I geodesic through v. There is a 2-simplex D t (i — 3,4) of 
A^ incident to v and with edges lying on Ci and Cj+i (i mod 4). Let 7^ be the geodesic containing 
the third edge of Di, i = 3,4. Denote X4 = c' 4 fl 74 and = c[ n 74. There are 4 triangles 
Tj = (w, Xi, Xi+i), 1 < 7 < 4. Notice xi,a;5 € and d(w,xi) = d{w,x§). Hence there are two 
possibilities: either 2:5 = x\ or w is the midpoint of x±x^. If x§ — x\, then the claim in the last 
paragraph implies that the 4 triangles Tj give rise to a geodesic loop with length -| x 4 in the CAT(l) 
space Link(A 2 , w), a contradiction. If 77; is the midpoint of 2:1X5, then the same claim implies that 
the Tj's give rise to an edge path with length 4 between two opposite vertices of the generalized 
polygon Link(A 2 , w). This is impossible because Link(A 2 ,77;) is a generalized 3-gon and opposite 
vertices have different types. 

□ 

Lemma f9 . 1 61 implies for any apartment A C Ai, there is a well-defined map Ja '■ A^ — ► A^°\ 
where for any v G A^l, /a(^) is the unique intersection point of the images of the 4 Type I geodesies 
in A through v. We denote /a(u) by 7/. 
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Proposition 9.18. Let A be an apartment in Ai. Then there is a unique apartment A' in A 2 with 
the following properties: 

(1) f A (AM) = A< [a] ; 

(2) the map f a '■ A^ — > A'^ extends to an isomorphism gA ■ A — » A' . 

Proof. Let D be a 2-simplex in A^. Denote by ci, 02,03 C A^ the three geodesies that contain 
the three edges of D. If c[ Pi c' 2 Ci c' 3 ^ <fi, then Lemma T9 . 1 61 and the proof of Proposition 18 . 1 71 imply 
that the images of all the Type I geodesies in A have nonempty intersection, impossible. Hence, 
d x fl c' 2 n c 3 = (p. Denote Xi = Ci_% D c^+i (i mod 3). Since c\ is a Type I geodesic, T" — (xi, x' 2 , x' 3 ) 
has three even angles and Proposition 15 . 21 implies that S(T r ) is isometric to D. We define go to be 
the unique isometry extending the map fA\{ Xl ,x 2 ,x 3 }- It is clear that if D\, D 2 C A^ are two 2- 
simplices with D\ nD 2 ^ </>, then gu 1 and gu 2 agree on D\C\D 2 . Hence we have a map gA '■ A — > Ag, 
where (mId = <?d for each 2-simplex Z? C A^. 

Consider two arbitrary 2-simplices D\, D 2 C that share an edge. Let VX2 (v, X2 G A^l) be 
the common edge of Di and D 2 , x\ the third vertex of D\ and x 3 the third vertex of D 2 . Let Cj C A 
(i = 1, 2, 3) be the geodesic containing uxj, and 7j C A (j = 1, 2) the geodesic containing XjXj+\. Let 
T/ = (w, x£, x- +1 ) (i = 1,2). Notice image (ycj = S(T(), We claim image(gijj nimage(<7.o 2 ) = v'x' 2 . 
The claim implies that gA is an isometry into A2 and hence image^^) is an apartment in A2. Next 
we prove the claim. 

Suppose the claim is false. Recall S(T[) C A2 is a convex subcomplex and is the union of 6 
chambers. We observe that S(T[) f)S(T 2 ) is the union of the two chambers in S(T[) that have edges 
lying on v'x' 2 . Otherwise S(T{) H S(T 2 ) would contain a nontrivial segment of ci or 7^, which implies 
d x n c 3 or j[ (~l 7 2 contains a nontrivial interval, contradicting to the fact that c' x , c 3 are at different 
sides and 7J, 7 2 are also at different sides. It follows that c\ and c 3 make an angle tt/4. Let C4 C A 
be the fourth Type I geodesic through v. Also let Di C A^ (i = 3,4) be the 2-simplex incident to 
v, lying between Cj and c^+i (£+ 1 mod 4), and sharing an edge with Z?i_i. Let 7; C j4, i = 3, 4, be 
the geodesic containing the third edge of Di. Denote X4 = 04074, X5 = c\ 074. Notice 
and d(?/,xi) = d^'jXg). 

LetT/ = (v',x^ +1 ) (i = 3,4). Note each T/ has angle 7r/4 at v', and v'x- +1 C S(T()nS(T! +1 ). 
Since c' x and c 3 make an angle tt/4, the triangle inequality implies A v i(x\, x' 5 ) < 3n/4. Hence x' x = x' 5 . 
If S(fi,) n S(T 3 ') = i/x' 3) then 

(5(T{) - S(T[) n S(T 2 ')) U (S(T 2 ') - S(T{) n S(T 2 ')) U S(T 3 ) 

gives rise to an injective path in Link(A 2 ,t/) with length it/2 from the initial direction of v' x\ 
to that of u'x 4 . On the other hand, /. v i (x^, x' 5 ) — 7r/4 and x\ = x' 5 , a contradiction. Hence 
S(T£) n 5(T 3 ) ^ u'x 3 . We have proved the implication: if S^) (7 5(T^) is not a segment, then 
S(T 2 ) n 5(23) is not a segment. By working with the 2-simplices of A^ around X2 instead of v 
and using gallery connectedness one concludes that for any two 2-simplices E\,E 2 C A*- 2 ' sharing 
an edge, the intersection image^^) fl im&ge(gE 2 ) is not a segment. The above argument also 
shows that for any Type I geodesic c C A, and any three consecutive vertices x,y,z € c with 
m{x) = m(y) = m{z) = 8, we have x 1 = z' . Consequently, for any Type I geodesic c C A, there are 
infinitely many Vi S cnA^l (i > 1) such that the family {7' : 7 C A is Type I and 7 3 w, for some i } 
have nonempty intersection. We get a contradiction as in the proof of Proposition 17 . 1 21 

□ 

Corollary 9.19. Let A be an apartment in Ai. Then for any vertex v £ A, the geodesies in T>' A v 
intersect in a unique vertex of A 2 . 

Proof. Since gA ■ A — > A' is an isomorphism, for any vertex v 6 A, the g^-images of the geodesies 
in T>a.v intersect in a unique vertex. Hence it suffices to show that for any £1^2 C A^ x \ we have 
<7a(£i) = £i (i = 1 5 2), where gA ■ OA — » 9 A' also denotes the boundary map of gA ■ A — > A' . By the 
definition of 3^4 this claim holds for all Type I geodesies in A. For an arbitrary geodesic C A^ 1 ), 
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one can find a sequence of Type I geodesies rjiUi C i G Z, such that n^Wi 7^ 0, 77^0;^ — > 
as 7 — > +00 and 7]iU>i — > £_ as i — > —00. It follows that — > £ + as i — > +00 and 77^ — > £_ as 
i — > —00. Since h : dA\ — > 9A2 is a homeomorphism, we have = = /i(lim^ +00 r^) = 

linij^ +00 /i(r/<) = lim w+00 77- = lim w+00 #yi(??i) = 5a (£+)■ Similarly = 9a(€-) and we are done. 

□ 

9.4. Geodesies through a fixed vertex. In this section we show that for any vertex v G Ai, the 
geodesies in T>' v intersect in a unique vertex. 

By Corollary 19 . 1 91 for any vertex v G Ai and any apartment A containing v, the geodesies in 
T>' A v intersect in a unique vertex va of A2. The proof of Corollary 19.191 actually shows va = 9a(v), 
where g A ■ A — > A' is the isomorphism in Proposition 19 . 1 81 

Proposition 9.20. Let Ai and A2 be two Fuchsian buildings with chamber (2, 3, 8), and h : dAi —> 

SA2 a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then for 
any vertex v G Ai with m[v) = 8, the geodesies in D' v intersect in a unique vertex of A 2 . 

Proof. By Lemma 17.31 we only need to show that va 1 = va 2 holds for any two apartments A±, A2 C 
Ai containing w with Link(Ai, u)nLink(A2, w) a half apartment in Link(Ai, v). Let Bi = Link(Aj,t>) 
(i = 1,2), and oj\, LO2 the two endpoints of B\ n i?2- Denote by m the midpoint of B\ n B2, and 
m,i G Bi the point in Bi opposite to m. Since m(v) = 8, mi, 1112 and m are vertices. Notice mi 
and 7712 are opposite to each other. Let £1,^3 G dAi and £2,^4 G dA2 such that v£%, v^2 have initial 
direction oji and tj£ 3 , 7^4 have initial direction u>2- Similarly let 771,773 G dA± and 772,774 G CM2 
such that W773, 7)774 have initial direction m, and tj^ (i = 1,2) has initial direction nii. Then we 
have riiVj = vrji U 7j?7j for i ^ j, {i,j} ^ {3,4}. Lemma f9.4l implies £1^3 and rjiVj (1 < i ^ j < 4, 
^ {3,4}) are at different sides, and £2^4 and ^m are also at different sides. 

We claim the three geodesies 77(772, V1V3) V3 V2 have nonempty intersection. The rest of the proof 
is the same as in Proposition ^. 161 Suppose the claim is not true. Then Lemma 1731 implies there are 
vertices v\, i>2, V3 such that 77(7/2 n 77(773 = vi?7(, 77 2 ?7( (~1 77^773 = i>2?72, V1V3 H 77^773 = v$rf§\ furthermore 
T := (vi, 1)2,1)3) has three even angles and S(T) is the union of 6 chambers, as shown in Figure 
IHfh). In this case, £(£ 3 and 77^77^ (1 < i ^ j < 3) are Type I and are at different sides. Proposition 
19.51 implies that £(£ 3 n 77^ is a vertex for 1 < i ^ j < 3. Denote Wi — £[£'3 H ili+iVi+2 (* m °d 3). 
Since £(£ 3 and 77^- make even angles and are at different sides, m(wi) ^ 2. Hence Wi G Vi+irj' i+1 or 
Wi G Vi + 2Vi+2- We may assume Wi G 7J3773. If W3 G tji7/(, then £(£ 3 n 77(773 D 7«i7i>3 is not a vertex, 
contradiction. Similarly we obtain a contradiction if W3 G 7j2?72- 

□ 

Proposition 9.21. Let A± and A2 be two Fuchsian buildings with chamber (2,3,8), and h : dAi — > 
9A2 a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then for 
any vertex v G Ai with m(v) — 3, the geodesies in T>' v intersect in a unique vertex of A2. 

Proof. Let v G Ai be a vertex with m(v) — 3. We only need to show that gAi(v) = 9A 2 ( V ) holds 
for any two apartments A\,A% C Ai containing v with Link(yli,u) (~l Link(A2,7j) a half apartment 
in Link(Ai,7j). Let Bi = Link(A,,7j) (i = 1,2), and a, b the two endpoints of B\ n B2. There 
are two edges e\ = vv\ and e2 = 7jti 2 that have initial directions a and b respectively. Note 
{m(«i), m(7j2)} = {2,8}. We may assume m(?Ji) = 8 and m(v2) — 2. Let c,d be the other two 
vertices on B\ n B2 such that c lies between a and d. Let TW3, tjt;4 be the edges that have initial 
directions c and d respectively. Then m(vi) = 8, and T3 = (v, Vi, V3), T4 = (v, tj 3 , 774) are (boundaries 
of) chambers. Let X = S(Ts) U S(T4). Notice X is a convex subcomplex of Ai, and Iciifl A2. 

Since gAi '■ A4 — v A^ is an isomorphism, g Ai (X) C A2 is a convex subcomplex. Proposition 19 . 2(JI 
and the fact m(vi) = 777,(714) = 8 imply that g^i^i) = 9A 2 ( v i) and gA 1 {v4 : ) — gA 2 ( v A)- As tj 3 is the 
midpoint of V1V4,, we also have gAi(«3) = 3A 2 (w 3 ). Set v[ = g Al {vi), v' 3 = gAtivs), v' A = gA^Vi)- 
Hence the intersection of the two convex subcomplexes gA 1 (X), g A2 (X) C A2 contains v']v\. It is 
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easy to see that either gA 1 {X) n gA 2 {X) = v[v' 4 or gA x (X) = 9A 2 (X). If 9Ai(X) = gA 2 (X), then 
gA x (v) = gA 2 (v) and we are done. We shall show that gA x (X) R gA 2 (X) = v'-^v'^ does not hold. 

Let £i £ dAi (i = 1,2) be the point such that the initial direction of «£j is opposite to c (the 
initial direction of W3). Then Z„(^i,^ 2 ) = 27r/3. Notice £i£ 2 t- A^ , otherwise there would be a 
triangle with three even angles and one of the angles = 27r/3, contradicting to Proposition 15. 21 

Suppose gA x (X) R gA 2 (X) = v[v' 4 . Since m(v' 3 ) = m(v 3 ) = 2, A v ^{g a x { v ) 9 A 2 {v)) = n. Hence 

v' 3 ^[ L>v' 3 £' 2 = v^gAri^i) ^v' 3 gA 2 (^2) C Aj is the geodesic from £J to £ 2 . It follows that £ x £ 2 C A^ , 
contradicting to the preceding paragraph. 

□ 

Proposition 9.22. Let Ai and A 2 be two Fuchsian buildings with chamber (2,3,8), and h : dAi — » 
<9A 2 a homeomorphism that preserves the combinatorial cross ratio almost everywhere. Then for 
any vertex v 6 Ai with m(v) — 2, the geodesies in T>' v intersect in a unique vertex of A 2 . 

Proof. Let Ai,A 2 C Ai be two apartments containing v with Link(Ai,w) n Link(A 2 , u) a half 
apartment in Link(Ai,i>). Let Bi = Link(j4j, v)(i = 1,2), and a, b the two endpoints of B\ n B 2 . 
There are two edges ei = ddi, e 2 = uf 2 C AinA 2 that have initial directions a and b at t; respectively. 
Note m(vi) = m(ii 2 ) = 3 or 8. By Propositions ^ . 2UI 19 . 2 II gAi{v\) — gA 2 {vi) and gA x {v-i) = gA 2 {v2)- 
Since gAity) is the only vertex in the interior of gA t {vi)gA t (^2), we have gAi(^) — gA 2 {v). 

□ 

10. Triangles and quadrilaterals. In this section we prove Propositions 15.11 15.21 and 15.31 Wc 

have defined triangles and quadrilaterals in Section |SJ 

10.1. Support sets of triangles and quadrilaterals. Let X be a locally finite CAT(O) 2-complex, e.g., 
a Fuchsian building. For each x £ X, let log^. : X — {x} — > Link(X, x) be the map that sends each 
y x to the initial direction of £?/ at x. 

Definition 10.1. Let c C X be a subset that is homeomorphic to a circle. The support set supp(c) 
of c is the set of x £ X — c such that log x (c) represents a nontrivial class in iii(Link(X, x)). 

The goal of this section is to show that a quadrilateral homeomorphic to a circle must bound a 
compact surface in X. The triangle case was proved in 

Proposition 10.2. (0) Let X be a locally finite CAT(Q) 2-complex and c C X a triangle homeo- 
morphic to a circle. Then supp(c) is a compact surface with boundary c and supp(c) — supp{c) U c. 

Given a triangle or quadrilateral c, we subdivide the 2-complex X such that c becomes part of 
the 1-skeleton of X. Thus if c is a triangle homeomorphic to a circle and x, y, z its corners, then the 
segment from \og x (y) to log a .(z) is an edge path in the link Link(X, a;). Note Z x (y, z) < ir since c 
is homeomorphic to a circle. Each edge in \og x (y) log x (z) corresponds to a 2-cell incident to x. Let 
U(c, x) be the union of these 2-cells. The proof in shows that U(c, x) is a neighborhood of x in 
supp(c). 

Lemma 10.3. Let c C X be a triangle or quadrilateral homeomorphic to a circle, and x G X — c. 
Then x € supp(c) if and only if log x (c) is homotopic to a simple loop with length < Ait in Link(X, x) . 

Proof. One direction is clear since Link(X, x) is a finite graph. For the other direction let x £ supp(c). 
Then log x (c) is homotopically nontrivial in the finite CAT(l) graph Lmk(X,x). Notice if X1X2 is a 
geodesic segment which does not contain x, then log x (a;x) log^o^) has length < n and log 2 ,(xia; 2 ) 
is homotopic to log^rri) log 2 ,(a: 2 ). It follows that log a ,(c) is homotopic to a closed path with length 
< 47r. The unique closed geodesic a C Link(X, x) in the free homotopy class of \og x {c) has the 
shortest length in the class. It follows that length(cr) < Air. Since a closed geodesic in a CAT(l) 
space has length at least 2tt, a must be a simple closed geodesic. 

□ 
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Lemma ll U . 31 and the arguments in PP imply the following: 

Lemma 10.4. Let c be a quadrilateral in X that is homeomorphic to a circle. Then supp(c) is a 
topological surface, supp(c) is compact and supp(c) C c U supp(c) . 

Now we are ready to prove 

Proposition 10.5. Let X be a locally finite CAT(0) 2-complex and c C X a quadrilateral homeo- 
morphic to a circle. Then supp(c) is a compact surface with boundary c and supp(c) = supp{c) U c. 

Proof. We shall show that each point p£c has a neighborhood U such that U fl supp(c) is home- 
omorphic to a neighborhood of the origin in the closed upper half plane. Let x,y,z,w G c be the 
4 corners of c in cyclic order. Let c\ — xy U yz U zx and c 2 = wx U xz U zw. We first consider the 
case when p G c is one of corners, say, p = w. We may assume w £ c\, otherwise c is a triangle 
and the proposition follows from Proposition I It). 21 We orient ci and c 2 so that they have opposite 
orientations on xz. We also orient c so that c is homotopic to c\ * C2- First suppose w supp(ci). 
By Lemma \l . 41 and the remark before Lemma fl . 31 there is a neighborhood U of w in X such that 
U (~l supp(c2) = U(c2, w) fl U and U fl supp(ci) = <f>. Since c is homotopic to c\ * C2, it follows from 
the definition of support set that U H supp(c) = U (c2, w) H U. 

Now suppose w G supp(ci). Recall (see 0) that the closed path log w (ci) is homotopic to a 
simple loop c% w C Link(X, w) with length < 37r. The simple loop c± w can be constructed as follows. 
The three segments log TO (x) log w (y) , \og w (y)\og w (z), \og w (z) \og w (x) all have length < tt and their 
intersections are segments (possibly degenerate): there are ao,bo,co G Link(X, w) with 

log w (x) \og w (y) n log w (x) \og w {z) = log w {x)a , 

lo &w(y) l °Sw( x ) H log.Jy) logjz) = log w (y)6 

and 

log w {z) log w (y) n log^z) log w (x) = log w {z)c . 
Then c\ w — ao^o U 6o c o U coao Let [/ (ci, w) be the union of the 2-cells of X that correspond to the 
edges in c\ w . Then U{c\, w) is a neighborhood of w in supp(ci). Since c is homotopic to c\ * C2, for 
a small neighborhood U of w in X we have 

supp(c) n U C (t/(ci, w) U U(c 2 ,w)) n C7 

and 

(U(c 2 ,w) - U(a,w)) U (t/(ci, w) - U(c 2 ,w)) n [7 C supp(c) n J7. 
We observe that the open 2-cells in U(ci,w) n U(c2,w) are disjoint from supp(c): Let p be a 
point in some open 2-cell of U(c\,w) H [/(c2,U»); by the above remark log p (ci) and log p (c2) are 
homotopic to the circle Link(X,p) with length 27r; since c is homotopic to c\ * c 2l the path 
\og p (c) is either null-homotopic or homotopic to twice of a generate in tti (Link(X,p)); the fact 
that log p (c) has length < An implies log p (c) is null-homotopic. It follows that supp(c) fl U = 

{U{c 2 ,w) - U{d,w)) U {U{d,w) - U{c 2 ,w))nU. Note ({7(c 2 , - C/(ci, w)) U (C/(ci, u>) - J7(c 2 , w)) 
is a closed disk and it is the union of the 2-cells corresponding to the edges in the geodesic 
log w (x)bo U bo \og w (z) C Link(X, w). We also observe that log^(x)6o U 6o l°gi U (- 2; ) has length < 2n. 

We next consider the case when p is not a corner. We may assume p G interior(zw). Then one 
of the following occurs: 

(1) pw Hpx — pq is a nontrivial segment; 

(2) n = {p} and fl yz contains a point r; 

(3) pw Dpx — {p} and px C\yz — <f>. 

Case (1): In this case zx = zq U gx. Then Tj = xw U U ga; and T 2 — xy U yz U za; are two 
triangles, and c is homotopic to T\ * T 2 with suitable orientations. Note p £ supp(Ti) since log p (Ti) 
is homotopic to a path with length < tt. It follows that there is a small neighborhood U of p in X 
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such that U (~l supp(c) = U fl supp(T 2 ). 

Case (2): Let T\ = (z,p,r), T 2 = (r, y, x) and T3 = (p,x,w). Then c is homotopic to T\ *T 2 *T$ with 
suitable orientations. Note p supp(T2) since r £ px implies the path log p (T 2 ) is homotopic to a 
path with length < 2n. The segments log p (r) log p (z) and log (x) log p (w) in L'mk(X,p) intersect in a 
(possibly degenerate) segment log p (r)a (a S Link(X,p)). The path log p (,z)aUalog p (u;) is a geodesic 
in Link(A,p). Th remark before Lemma 1 1 . 31 implies U{T\,p) and U{T^,p) are neighborhoods of p 
in supp(Ti) and supp(T3) respectively. The argument in the second paragraph now implies that the 
closed disk (U(Ti,p) — U(T 3 ,p)) U (U(T 3 ,p) — U(Ti,p)) is a neighborhood of p in supp(c), and that 
the disk is the union of the 2-cells that correspond to the edges in log p (2:)a U alog p (ui). 

Case (3): In this case T :— (p,x,w) and Q := (z,y,x,p) are homeomorphic to a circle. The 
path c is homotopic to T * Q with suitable orientations. The discussion in the second paragraph 
implies supp(Q) determines a geodesic segment Q p C Link(A,p) with length < 2ir, and U(Q,p) is 
a neighborhood of p in supp(Q), where U(Q,p) is the union of the 2-cells that correspond to the 
edges in Q p . On the other hand, U(T,p) is a neighborhood of p in supp(T), and the link of U(T,p) 
at p is the segment log„(ir) log„(u;) which has length < tt. Since Link(X,p) is a finite CAT(l) 
graph and the distance in Link(A,p) between log (z) and log p (w) is at least tt, the intersection 
Q p n log p (a;) log p (w) = log p (x)a is a (possibly degenerate) segment. Let U(c,p) be the union of the 
2-cells that correspond to the edges in (Q p — log p (x)a) U alog p (w). Then U(c,p) is a disk. The 
argument in the second paragraph shows that U(c,p) is a neighborhood of p in supp(c). 

□ 

The following lemma is a special case of a general observation due to B. Kleiner. 

Lemma 10.6. Let c C X be a triangle or quadrilateral homeomorphic to a circle, and x S supp(c). 
Then any nontrivial geodesic segment yx in X can be extended into supp(c), that is, there is some 
point z £ X — {x} such that xz C supp(c) and x £ yz. 

Proof. Let £ e Link(X, x) be the initial direction oiyx at x. Since x £ supp(c), log x (c) is homotopic 
to a nontrivial loop c x in the CAT(l) graph Lmk(X,x) and interior(f7(c, x)) C supp(c), where 
U(c,x) is the union of 2-cells corresponding to the edges in c x . It follows that there exists some 
rj G c x such that the distance in Link(A, x) from £ to 77 is tt. Now we choose a geodesic segment 
xz C interior([/(c, x)) such that the initial direction of xz at x is rj. Then yz — yx U xz is an 
extention of yx into supp(c). 

□ 

10.2. Gauss-Bonnet formula for piecewise Riemannian 2-complexes. In this section we recall the 
Gauss-Bonnet formula for finite 2-complexes with piecewise Riemannian metrics (see for example 

EE])- 

Let A be a finite 2-complex. We suppose each 2-cell of X has a Riemannian metric such that 
the 1-cells are geodesies, and for any two 2-cells /1, / 2 with /1 n / 2 ^ 4>, the induced metrics on 
fi H fi from f\ and / 2 coincide. 

For a vertex v let 

X(v) = x(Link(A,w)), 

the Euler characteristic of the link Link(A, v). For a 2-cell / incident to v, denote by a(v,f) the 
interior angle of / at v. The complete angle at v is 

a(v) = Ea(v,f), 

where / varies over all 2-cells incident to v. The curvature measure of v is then by definition 

k(v) = (2 — x( u )) 7r — ot{v). 
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For a 2-cell / denote by K the Gaussian curvature of /. Then the curvature of / by definition 

is 

«(/) = J K. 
Now the total curvature of X is defined by: 

k(X) = E s n(s) 

where s varies over all the 0-cells and 2-cells of X (the curvatures of the 1-cells are since they are 
geodesies). 

The Gauss-Bonnet formula (see BB ) says 

k{X) = 2ir X (X). 

Note x(X) = 1 when X is homeomorphic to a disk. If a 2-cell / has constant Gaussian curvature 
-1, then n{f) = -Area(/). 

Let A be a Fuchsian building. For a finite sequence of pairwise distinct points P =< X\, ■ ■ ■ ,x\ > 
(I > 3) in A, define d(P) = (l — 2)Tr — H\_ 1 Z Xi (xi-i,Xi+i) (i mod I). If T = (x,y, z) is a triangle, set 
d(T) — d(< x, y,z >). Similarly we define d(Q) if Q is a quadrilateral. For a triangle or quadrilateral 
c C A*- 1 ) homeomorphic to a circle, let n(c) be the number of chambers in supp(c). Recall supp(c) 
is a finite subcomplex. We also denote by Aq the area of a chamber. 

Corollary 10.7. Let A be a Fuchsian building, and c C A' 1 ) a triangle or quadrilateral homeomor- 
phic to a circle. If supp{c) is homeomorphic to a closed disk, then d(c) > ti{c)Aq. 

Proof. Let X = supp(c). Since A is CAT(— 1), k(v) < if v 6 X is a vertex but not a corner of c. 
On the other hand, if v is a corner of c, then the length of Link(X, v) is larger than or equal to the 
angle of c at v . The corollary follows from these two observations and Gauss-Bonnet formula. 

□ 

Let us make some observation about Aq. The Gauss-Bonnet formula applied to the chamber R 
implies: Aq = (k — 2)ir — H(dR), where R is a fc-gon and £(<9i?) is the sum of angles at the vertices 
of R. 

• if k > 5, then Aq > tt/2, with equality precisely when k = 5 and all the angles of R equal to 7r/2; 

• if k = 4, then Aq > it/6, with equality precisely when R has angles f , f , f , f ; 

• if k = 3 and R has no right angle, then Aq > n/12, with equality precisely when R = (3, 3, 4); 

• if R = (2, 8, 8), then A = tt/4; 

• if R = (2, 6, 8), then A Q = 5vr/24; 

• if R = (2, 6, 6), then A = tt/6; 

• if R = (2, 4, 6), then A Q = tt/12; 

• if R = (2, 4, 8), then A = tt/8; 

• if R = (2, 3, 8), then A = tt/24. 

10.3. Triangles in the 1-skeleton. Let A be a Fuchsian building and c C A^ a triangle or quadri- 
lateral homeomorphic to a circle. Then X := supp(c) is a finite subcomplex homeomorphic to a 
compact surface with boundary. Notice a vertex v £ X is a special point if and only if k(u) < 0. The 
remark before Lemma 1 1 . 31 implies that the corners of a triangle are not special points. Proposition 
15. II follows from the following result: 

Proposition 10.8. Let A be a Fuchsian building and T C A^ a triangle that is homeomorphic 
to a circle. Then supp(T) contains no special points. In particular, supp(T) is homeomorphic to a 
closed disk and is convex in A. 

The second claim in the proposition follows easily from the first one: assume X — supp(T) 
contains no special points; then X is locally convex in the CAT(— 1) space A; it follows that X is 
actually convex in A and hence is contractible. 
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Remark 10.9. I suspect that any triangle or quadrilateral homeomorphic to a circle in a CAT(O) 
2-complex must bound a disk, at least for those CAT(O) 2-complexes that admit cocompact groups 
of isometries. 

Let T = (x, y, z) C A^ 1 - 1 be a triangle homeomorphic to a circle. Recall the angles of the chamber 
R lie in {7r/2, tt/3, 7t/4, 7r/6, 7r/8}. In particular, they are integral multiples of 7r/24. It follows that 
d(T) is an integral multiple of 7r/24. On the other hand, d(T) > because A is a CAT(— 1) space. 
Therefore 7r/24 < d(T) < 5ir/8. We will prove Proposition lll).8l bv inducting on d(T), starting with 
triangles with d(T) = 7r/24. We first make an observation that shall be used often later. 

The following lemma follows easily from the triangle inequality and the fact that d(P) > for 
any finite sequence of pairwise distinct points P —< x%, ■ ■ ■ ,xi> (I > 3). 

Lemma 10.10. Let P =< X\,--- , Xi > (I > 3) be a sequence of pairwise distinct points, and 
Hi G XiXi + i, yj G XjXj + i with i < j. If P' —< Ui, Xi + \, • • • ,Xj,yj > is a sequence of pairwise 
distinct points, then d(P') < d(P). 

We first study triangles with d(T) = 7r/24. 

Lemma 10.11. Let A be a Fuchsian building and T = (x, y, z) C A' 1 ) a triangle that is homeomor- 
phic to a circle. If d(T) — 77/24, then R = (2,3,8) and T is the boundary of some chamber. 

Proof. We claim that none of the segments xy, yz and zx contains any vertex in the interior. 
Suppose, say, xy contains a vertex p in the interior. Then there is an edge pq C supp(T) such 
that interior^*/) C supp(T). Since supp(T) is a compact surface, Lemma |10.6I implies pq extends 
into supp(T) and the extension hits the boundary of supp(T) (which is T) at some point r. The 
segment pr lies in A^ 1 ). Let d be the union of pr with one of the two components of T — {p, r}. 
Then d is either a triangle or a quadrilateral. Lemma f 1 . 1 01 implies d(c') < d(T) = 7r/24, which is 
a contradiction since d{c!) > is an integral multiple of 7r/24. Hence xy, yz and zx are three edges 
in A. Similarly one shows that \og x (y) \og x {z) is an edge in Link(A,a;). It follows that xy and xz 
lie in the boundary of some chamber C and we conclude that C is actually a triangle and T is its 
boundary. Since d(T) = 7r/24, Aq = ir/24. The observation about Aq shows R — (2,3,8). 

□ 

For a triangle or quadrilateral c C A' 1 ) homeomorphic to a circle and x G supp(c), let c x be the 
link Link(supp(c), x). By Propositions 110.21 and 1 1 . 5l Cj is a circle if x G supp(c) and is a segment if 
x G c. 

Lemma 10.12. Let T = (x,y,z) C A' 1 ) be a triangle homeomorphic to a circle with d(T) = 

2 < k < 15. Assume supp{T') has no special points for every triangle T' C A^ homeomorphic to a 

circle with d(T') < ^24^ • Then T contains no special points of supp(T). 

Proof. Suppose the lemma is false. Since the corners of T are not special points, we may assume 
there is a special point p G interiorly). Then c p is a segment with length > tt. Note c p is an edge 
path in Link(A,p). Let n G c p be the point such that the subsegment of c p from log p (a;) to 77 has 
length 7T. Then r\ is a vertex in Link(A,p). There is an edge pq C supp(T) with initial direction r\ 
and interior(pg) C supp(T). We extend the geodesic pq into supp(T) until it hits a point r G T . The 
uniqueness of geodesic implies r G interior(j/z). Let T\ = (x,r,z) and T2 — (p,y,r). Lemma |l 0.101 
implies d{Ti) < ^ k 2 ^ f° r * = 1,2. The assumption then implies that supp(T^) contains no special 
points. In particular supp(Ti) is homeomorphic to a closed disk and we can apply Corollary 1 1 . 71 to 
Ti. 

Note T2 has an even angle at p and Aq > ir/24. Since Z r (p, z) + Z r (p,y) > ir, Corollary 110.71 
applied to T 2 shows that Z r (p, z) > Z p (r, y) + Z y (x, z) + 2A > 2 x + 77/8 + 2 x 7r/24. Since 

there are at least m(p) chambers in supp(Ti) incident to p, Corollarv l 1 . 71 applied to T\ implies that 
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7r > 7r/8+7r/8+Z r (p, z)+m(p)A . Combining these two inequalities we obtain m(p)A + ^^ < 
Since Aq is an integral multiple of ir/24 and m(p) € {2, 3, 4, 6, 8}, this inequality never holds and we 
have a contradiction. 

□ 

Lemma 10.13. Let T = (x,y,z) C A' 1 ) be a triangle homeomorphic to a circle with d(T) = 

2 < k < 15. Assume suppiT') has no special points for every triangle T' C homeomorphic to a 

circle with d(T') < * Then there is no special point in supp{T). 

Proof. Suppose there is a special point p £ supp(T). Then c p has length > 2tt. There is at least 
one edge pq C supp(T) such that its extension in supp(T) eventually hits T at a point p\ different 
from x, y and z. We may assume p\ <E interiorly). Denote 771 = \a% p (j>\). Let 772 ^ r)3 £ c p be the 
two points such that their distance in c p from 771 is exactly 7r. We extend p\p inside supp(T) in two 
ways, one in the direction 772, the other in the direction 773. Suppose they eventually hit T at pi and 
p 3 respectively. Note P2,P3 £ T — xy. 

We claim one of P21P3 lies in xz and the other lies in yz. Suppose otherwise, say, P2,P3 £ yz 
and 7J3 £ interiorly)- Let T\ — (pi,p2,y). Lemma 1 1 . 1 01 and the assumption imply that supp(Ti) 
contains no special points. This contradicts to the facts that p £ p\P2,P G P1P3 and that the initial 
directions of pp2 and pps at p are different. 

We may assume p 2 6 xz and p 3 <E yz. Let T 2 = (pi,p 2 ,x), T 3 = (p i,p 3 ,y) a nd Q = (p,P2, z,p 3 ). 
Also denote m = m(jp). Lemma 1 1 . 1 01 and the assumption imply that supp(Xi) {i = 2,3) is homeo- 
morphic to a closed disk and we can apply Corollarv ll0.7l to Ti. Since p £ interior(pipi), there are at 
least m chambers in supp(Ti) . Now Corollar v l 1 . 71 implies Z Pl (p2 , x) + Z P2 (pi ,x) + Z x (y, z) + itiAq < 
7r, Z pi (p 3 ,y) + Z P3 (pi 7 y) + Z y (x, z) + mA < it. Since A is CAT(— 1) and all the angles of Q are 
integral multiples of 7r/24, we have Z P2 (p,z) + Z p (p2,p 3 ) + Z P3 (p,z) + Z z (p2,p 3 ) < 2ir — 7r/24. 
Notice Z P2 (p,z) + Z P2 (p,x) > tt, Z P3 (p,z) + Z P3 (p,y) > tt, Z pi (p,y) + Z pi (p,x) > n. Since the 
angles of T are > tt/8, the above inequalities imply 2ir jm + 2mAo < 7w/12. The second term here, 
2m Ao >4x7r/24 = 7r/6. It follows that 2-K/m < 5ir/12, which implies m > 6. The first term 
2ir jm > 7r/4. It follows that ir/3 > 2mAo > 12yhj, or, Ao < 7r/36, contradicting to the fact that 
A > tt/24. 

□ 

The proof of Proposition ll(J.8l is now complete. Next we consider Proposition 15. 21 

Lemma 10.14. Let A be a Fuchsian building with chamber R. If R is not a triangle, then no 
triangle in A^ 1 -* is homeomorphic to a circle. 

Proof. Suppose T C A^ 1 - 1 is a triangle homeomorphic to a circle. Assume R is a fc-gon with k > 4 and 
let «o be the smallest angle of R. Proposition ll(J.8l and Corollarv l 1 . 71 imply that 3ao + n(T)Ao < tt. 
Since T is a triangle and R is not, n(T) > 2. Notice Ao > ir/6 for k > 4. It follows that ao < 2tt/9 
and so «o = t/6 or 7r/8. By Gauss-Bonnet Aq > Repeating the above argument we obtain 

«o < i"/9, contradicting to the fact that ao > n/8. 

□ 

There are two ways to prove the other claims in Proposition 15.21 The first method is to use 
Corollary 1 1 . 71 and the observation about Aq. Basically Corollarv llU.7l puts severe restriction on the 
possible configurations for supp(T) and one can list all the triangles in A^ that are homeomorphic 
to a circle. We omit the details here. On the other hand, Proposition 110. 8| implies that supp(T) 
is isomorphic to a convex subcomplex in an apartment. So the second method is to find all the 
triangles by examining the tessellation of H 2 by the chamber. Here we exhibit the tessellations by 
(2,6,8), (2,4,8) and (2,3,8). 
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Figure 7. Tessellation of H 2 Figure 8. Tessellation of H 2 

by (2,6,8) by (2,4,8) 



10.4. Quadrilaterals must bound disks. In this section we show that supp(Q) is homeomorphic to a 
closed disk for any quadrilateral Q C homeomorphic to a circle. Proposition 15.31 then follows 
from Corollary II (J. 71 The proof is based on the following lemma. 

Lemma 10.15. Let Q = (x,y, z,w) C be a quadrilateral that is homeomorphic to a circle. 

Then supp{Q) is homeomorphic to a closed disk if the following conditions are satisfied: 

(1) there is no special point in supp(Q); 

(2) x, y, z, w are not special points; 

(3) for each p G Q, the path Q p has length < 2-7T; 

(4) there is at most one special point in the interior of each side of Q. 

Proof. By Proposition 110.51 supp(Q) is a compact surface with boundary Q. It suffices to prove 
that supp(Q) is simply connected. Notice supp(Q) has nonpositive curvature with respect to the 
path metric, which is denoted by d! . Suppose supp(Q) is not simply connected. Then there is a 
simple closed geodesic (with respect to d') 7 C supp(Q) (see p. 202 of BH ). 7 must contain special 
points since otherwise 7 is a closed geodesic in the CAT(— 1) space A. One also sees that 7 contains 
at least three special points. The assumption implies that there are either 3 or 4 special points on 
7, and hence 7 is actually a triangle or quadrilateral in A with the special points as corners. For 
any special point p G 7 fl Q, condition (3) implies that the angle (measured in A) that 7 makes at 
p is at least tt/2. Now we have a contradiction since the angles at the corners of the triangle or 
quadrilateral 7 are at least tt/2 and A is a CAT(— 1) space. 

□ 

We first show condition (3) of Lemma \l . 1 51 holds : 

Lemma 10.16. Let A be a Fuchsian building and Q = (x\, 22, £3, £4) C A^ a quadrilateral that 
is homeomorphic to a circle. Then length(Q p ) < 2tt for every p G Q. 

Proof. Suppose there is some p G Q with length(Q p ) > 2tt. Then p is vertex. The proof of Lemma 
I10.5l shows that p is not a corner. We may assume p G interior (x\X2). We claim m(p) ^ 2. Suppose 
m{p) = 2. Then length<5 p > 3-7T and there are two edges pqi,pq2 C supp(Q) such that the angle 
between any two of px\ 1 pq\,pq2 and px2 is 7r. We extend pq\,pq2 inside supp(Q) until they hit Q at 
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Figure 9. Tessellation of H 2 by (2, 3, 8), created by Martin Deraux 

r\ and ri respectively. The uniqueness of geodesic implies T\,ri 6 0:30:4. But then t\T2 — r\pV}pr2 
is not contained in 0:30:4, contradicting to the uniqueness of geodesic. Hence m(p) > 3. Since 
lengthQp > 2tt, there are edges pqi,--- ,pqi C supp(Q), with I > 6 and interior (pg<j) C supp(Q). 
We extend each pqi until it hits Q at some point r,. We orient 0:10:4 U 0:40:3 U X3X2 from x\ to X2 
and relabel the points q±, ■ ■ ■ ,qi such that n, • • ■ , r; are in linear order in 0:10:4 U 0:40:3 U 0:30:2 when 
one travels from 0:4 to o: 2 . We set tq = x\ and r; + i = o: 2 . Since I > 6, there exist at least 3 points 
ri, ft+i, r»+2 that lie on the same side of Q. In particular, the triangle (p, rj, rj-1-2) has a side r;ri + 2 
containing at least two edges. Proposition 15. 21 implies R is a right triangle. 

We claim R = (2,3,8). Suppose R (2,3,8). Then m(p) > 4 and Z > 8. There are 4 points 
r,, Fi+i, Tj+2, J"i+3 that lie on the same side of Q. Proposition ^ . 2l applied to (p, ri, r,+i), (p, r«+i, rj+2) 
and (p,r l+ i,r l+3 ) shows that Z n+1 (r,-,p), Z n+1 (r i+2 ,p), Z n+2 (r i+ i,p), Z ri+2 (r. i+3 ,p) < n/2. The 
triangle inequality then implies all these 4 angles are equal to 7r/2. In particular, (p, n+i, ^+2) has 
two right angles, which is impossible. Hence R = (2, 3, 8) and m(p) = 3 or 8. 

Suppose m(p) = 8. Since the initial direction of px\ and po: 2 are of the same type, / > 17. There 
are 7 points r,-, • • ■ , Tj+g that lie on the same side of Q. The argument in the preceding paragraph 
shows at least one of the 4 angles Z ri+2 (p, n+i), Z n+2 (p, r i+3 ), Z ri+3 (p, r l+2 ), Z ri+3 (p, r, i+4 ), is > 7r/2. 
Assume, say, Z ri+2 (p,n+i) > tt/2. Let Ti = (p,ri, n+i) and T 2 = (p, r l+ i, r J+2 ). Proposition 15.21 
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applied to T 2 shows Z n+1 (p, ^+2) — ir/8. It follows that Z ri+1 (p, rj) = 7tt/8 and d(Ti) < 0, which 
is impossible. 

Finally assume m(p) = 3. Then I > 6. Notice Proposition 15.21 implies if (2/1,2/2,2/3) C A^ 
is homeomorphic to a circle and m(j/i) = 3, then Z y2 (yi,y 3 ) < it/2 and equality holds only when 
(2/1)2/2,2/3) i s the boundary of a chamber. It follows that if r,, r^+i, r J+ 2 lie on the same side of Q, 
then m(r j+i) = 2 and (p, rj, rj+i), (p, r^+i, rj+2) are boundaries of chambers. This implies that each 
side of Q contains at most 3 of the rj's. We claim there is no i such that {r,, ^+1,^+2} C X1X4 — {2:4} 
and ri+5} C £3X4 — {X4}; and similar claim also holds about the two sides of Q incident 

to X3. Suppose there is such an i. Let Qi — (p, r-j+2, X4, rj+3). Then the observation about angles 
implies that d(Qi) < 0, which is impossible. Recall there are at least 8 rj's. If £3 = r< for 
some i, then x 2 x 3 contains exactly 3 rj's, and each of X1X4 — {X4}, X3X4 — {£4} contains exactly 
3 r^'s, contradicting to the above claim. Hence X3 is distinct from all the r/s. Similarly X4 is 
also distinct from all the r^'s. The above claim implies X3X4 contains exactly two r^'s and they lie 
in interior^a^), and each of X1X4 — {£4}, ^2^3 ~ {^3} a l so contains exactly 3 rj's. So we have 
ri,r2 G interior(a;ia;4), r3,r4 6 interior (2:3X4) and rs,r6 G interior^^s). Consider T = (p,r3,r4). 
Since m(p) = 3, Proposition 15.21 implies at least one of Z r3 (p, r 4 ), Z r4 (p, r 3 ) is < tt/4. We may 
assume Z r4 (p,r 3 ) < 7r/4. It follows that Z ri (p,xs) > 3tt/4 and d(Q 2 ) < 0, which is impossible, 
where Q 2 — (p, r&, X3, rs). The contradiction proves the lemma. 

□ 

The proof of Proposition 15.31 is similar to that of Proposition 110. 8| we induct on d(Q) = fe, 
starting with k — 1,2. 

Lemma 10.17. Let A be a Fuchsian building and Q = (xi, X2, X3, X4) C A*- 1 ) a quadrilateral that 
is homeomorphic to a circle. Then d(Q) > oj. Moreover, if d(Q) = |f, t/ien i? = (2,3,8) and 
supp(Q) can be obtained by gluing two chambers along an edge. 

Proof. Note d(Q) > is an integral multiple of ir/24. Hence d(Q) > wj. Suppose d(Q) = wj. Then 
the proof of Lemma 111). Ill shows that XiXi + i (i mod 4) is an edge and log^.. (xj-i) log x . (xj+i) is 
an edge in Link(A,Xi). From this it is not hard to see that Q is the boundary of a chamber. In 
particular the chamber is a 4-gon. In this case d(Q) = Aq > tt/6, contradicting to the assumption 
that d(Q) = |j. Hence d{Q) > |f . 

Now suppose d(Q) — |J. Assume some side of Q, say x±X2, contains a vertex p in the interior. 
For an edge pp' C supp(Q) with interior(pp') C supp(Q), we extend pp' inside supp(Q) until it hits 
Q at some point q. Since d{Q') > |? for all quadrilaterals, Lemma fl U . 1 01 implies q £ interio^aqa^), 
or q £ mterior(x 2 X3). We may assume q 6 interior(a; 1 X4). Denote T = (p,q,Xi) and P =< 
p,x 2 ,x 3 ,x t ,q >. Lemma rnCTUI implies d(T) = d(P) = tt/24. By Lemma IT0~TT1 R = (2,3,8) and T 
is the boundary of some chamber. At least one of m(p), m(q) is =/= 2. We may assume m(p) =/= 2. 
Then there is an edge pp" C supp(Q) different from pp' with interior(pp") C supp(Q). We extend pp" 
inside supp(Q) until it hits Q at some point r ^= q. Then r G mterior(xiX4), or r G interior^a^). 
Note r G interior(a;ia;4) cannot hold since otherwise both x\q and x\T are edges. Now Lemma llO.lUI 
applied to P and T' = (p, r, x 2 ) implies d(T') < tt/24:, a contradiction. Hence each XiX; + i is an edge. 

The first paragraph shows there is some i such that log x . (&i-i) log x .(a;j+i) contains at least 
two edges. It implies that there is some edge Xip' G supp(Q) with interior {x%p') C supp(Q). We 
extend xip' inside supp(Q) until it hits some q G Q. Since d(Q) = 27r/24 and d(Q') > 27r/24 for all 
quadrilaterals Q' , Lemma fl 0.101 implies q = Xi+ 2 - Let T\ = (xi, Xi+i, Xi+ 2 ) and T 2 = (xi, X4-1, 2^+2). 
By Lemma HITTni d{T{) = d{T 2 ) = tt/24. Lemma HTnTl then implies that R = (2,3,8) and both T x 
and T 2 are the boundaries of chambers. 

□ 

We first consider the case when one of the corners of Q is a special point. Recall for each 
x G supp(Q), Q x denotes the link of supp(Q) at x. 
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Lemma 10.18. Let A be a Fuchsian building and Q — (x\, x 2 , £3, X4) C A^ 1 -* a quadrilateral that is 
homeomorphic to a circle. If Q Xl has length > tt, then R = (2,3,8) and supp(Q) must be as shown 
in Figure \7H 

Proof. Let 77 £ Q Xl be the point such that the subsegment of Q Xl from log.,. (X4) to r\ has length 
7T. Let x\q C supp(Q) be the edge with initial direction rj at x\. We extend X\q inside supp(Q) 
until it hits Q at some point r. The uniqueness of geodesic implies r E interior^a^)- Let T\ = 
(x4,r, X3) and T2 = (xi,X2 } r). Since the side X4r = U x\r of Z\ contains at least two edges, 
Proposition 15.21 implies R is a right triangle and Z r (xi,xs) < tt/2. We claim Z r (xi,X2) < tt/2. 
Suppose Z r (xi,a;2) > 7r/2. Then Proposition 15 . 21 implies that R = (2,3,8) and Z r (xi,af2) = 27r/3, 
Z Xl (r, X2) = 7r/8. Now consider 7\: the side a^r contains the vertex X\ in the interior with m{x-y) = 8 
and one endpoint r of X4r satisfies m(r) = 3. However, by Proposition 15 . 21 no such triangle exists. 




Figure 10. Corner xi is a special point 

Now Z. r (x\,x$) < 7r/2, Z r (xi,X2) < tt/2 and the triangle inequality imply that Z r {xx,X2) = 
Z r {xi,x^) = tt/2. Consider T 2 . Since Z r {xi,x 2 ) = tt/2, Z xi (r, x 2 ) < tt/2. In particular, m(xi) > 2. 
Now consider T\: the angle at r is tt/2, the side a^r contains the vertex x\ in the interior with 
m(xi) > 2. Proposition 15.21 implies R = (2,3,8), m(r) = 2, m(xi) = 3 and supp(Ti) is as shown 
in Figure Eld). It follows that Z Xl (r, X2) — tt/3 and by Proposition 15.21 T-> is the boundary of a 
chamber. Now the lemma follows. 

□ 

From now on we assume that none of the 4 corners of Q is a special point. 

Lemma 10.19. Let Q — (x±, x%, X3, x±) C A^ 1 ^ be a quadrilateral that is homeomorphic to a circle 
with d(Q) = ^j, k > 3. Suppose supp(Q') is homeomorphic to a closed disk for every quadrilateral 

Q' C A' 1 ) homeomorphic to a circle with d{Q') < 94 ■ Then for each i, interior(xiXi+i) (i 
mod 4) contains at most one special point. 

Proof. Suppose the lemma is not true. We may assume interior(a;ia;2) contains two special points 
yi,2/2i an d yi E xiU2- Let r\i E Q Vi (i = 1,2) be the point in Q Vi such that the subsegment from 
log y . (x3-i) to r]i has length tt. We extend the geodesic x^-iVi into supp(Q) in the direction of 77, until 
it hits a point Zi on Q. Note yiZi C A^. The uniqueness of geodesic implies Z\ £ X\X^ U x^x^ and 
z 2 E X2X3 UX3X4. Note Z\z 2 = Ziyi U 2/12/2 U 2/2^2- The uniqueness of geodesic implies at most one of 
zt, z 2 lies on 2:33:4. We claim none of zt, z 2 lies on X3X4. Suppose the contrary holds, say, z 2 E X3X4. 
Then z\ E interior (a; 12:4). Consider T — (x%, z 2 , 2:4): z\ E interior^ 2:4), y 2 E interior^! Z2) and 
y 2 z\ C\x\z 2 = 2/22/1 is a nontrivial segment. This contradicts to Proposition l5.ll Hence z\ E x\x^ and 
z 2 E 2:22:3. Notice Z yi (xi,Zi) [i — 1,2) is an even angle. Proposition 15 . 21 applied to T{ — (xi,yi,Zi) 
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implies R is a right triangle. Let Q' = (z\, z%, X3, 2:4). Lemma 1 1 . 1 Ul and the assumption imply that 
supp(Q') is homeomorphic to a closed disk and we can apply Corollarv llU.7l to Q'. 

We claim R = (2,3,8). Suppose R ^ (2,3,8). Then A > tt/12. Since Z Vi {x h Zi) (i = 
1,2) is an even angle, Proposition 15.21 implies m(j/j) > 4 and Z Zi (xi,yi) < 7r/4. It follows that 
Z Zl (yx, X4), Z Z2 (xz, 2/2) > 37r/4 and d(Q') < 7r/4. Corollary 110.71 implies that n{Q') < 3. On the 
other hand, since 7/4 £ interior (2x^2) and m(yi) > 4, there are at least 4 chambers in supp(Q') 
incident to yx, a contradiction. 

We next claim m(y%) = m^y^) = 8. Suppose the claim is not true, say, m(yx) 7^ 8. Since 
T\ = (xi,yi,zi) has an even angle at yx, we must have m{y\) = 3. Proposition 15.21 applied to 
T\ implies Z zi {x\,yi) — n/8. Proposition 15.21 applied to T 2 also implies Z Z2 (x 2 ,y 2 ) < 7r /2- It 
follows that Z Zl (x4,yi) — 7ir/8, Z Z2 (x 3 ,y 2 ) > 7r/2 and d(Q') < 37r/8. Corollary 1 1 U . 71 then implies 
n (Q') < 9. Now we count the chambers in supp(Q') that intersect z\z 2 : at least 7 chambers are 
incident to z\ , at least 3 are incident to y\ and at most one of them is incident to both z\ and y\ , 
at least 3 are incident to y 2 and at most one of them is incident to both y\ and yi . Hence there are 
at least 11 chambers in supp(Q'), contradicting to n(Q') < 9. 

Notice Proposition 15 . 21 implies Z Zi (xi,yi) < ir/2 because Z Vi (xi,Zi) (i — 1,2) is an even angle. 
It follows that Z Zl (yx, x±), Z Z2 (#3, y%) > n/2. On the other hand, since yx,?/2 £ interior(ziZ2) 
and m(yi) = m(y2) = 8, we have n(Q') > 16. Corollary 110.71 then implies that Z X4 (#3, Zi) — 
Z Xa (x i ,z 2 ) = 7r/8 and Z Zl (2/1,0:4) = Z Z2 (x 3 ,y 2 ) = tt/2. In particular, 771(2:3) = 777(3:4) = 8. 
Corollary 1 1 . 71 applied to Q' again shows that n(Q') = 18. We count the chambers in supp(Q') that 
are incident to vertices indexed by 8: at least 8 chambers are incident to each of 7/1,7/2, and at least 
one is incident to each of 2:3, 2:4, for a total of 18. It follows that supp(Q') is the union of these 
18 chambers. Since Z Zl (7/4,2:4) = Z Z2 (x3,y 2 ) = 7r/2 and Z Vi (xi,zi) is an even angle, Proposition 
15.21 applied to Ti shows that m(zi) — 2 and Ziyi is an edge. It follows that the vertices on ziz 2 are 
periodically indexed by 2 and 8, and there is exactly one vertex in interior(7/47/2) and it is indexed 
by 2. One also observes that there is exactly one vertex in the interior of each of the segments 
212:4, 222:3 and it is indexed by 3. From these observations one sees that the union of the above 18 
chambers is as shown in Figure HT1 This union is not a quadrilateral, a contradiction. 

□ 




Figure 11. 

Lemma 10.20. Let Q — (x x, x%, x%, X4) C be a quadrilateral that is homeomorphic to a circle 
with d(Q) — ^j, k > 3. Suppose supp(Q') is homeomorphic to a closed disk for every quadrilateral 
Q' C A^ 1 ) homeomorphic to a circle with d(Q') < — 2 ^ 7r . If there is a special point x £ supp(Q), 
then R — (2,3,8) and supp{Q) must be as shown in Figure TWi 

Since x E supp(Q) is a special point, Q x is a circle with length > 2tt. It follows that there are 
at least 5 edges that are contained in supp(Q) and incident to x. We extend these geodesies inside 




Figure 12. x E supp(Q) is a special point of supp(Q) 



supp(Q) until they hit Q. Geodesic uniqueness implies these 5 points on Q are pairwise distinct. 
At least one of these 5 points is different from all the x^s. We denote this point by r\ and we may 
assume n E interior (xia^)- Let £ E Q x be the initial direction of xr\ at x. Let 772,773 S Qz be the 
two points in that have distance ir from £. We extend ria; inside supp(Q) in the directions 772 
and 7/3 until the extensions hit Q at two points 7*2 and 7-3 respectively. Note 7*2, 7-3 E Q — xia^- Then 
exactly one of the following occurs: 

(1) one of r2, 7-3 lies in 2:22:3 and the other lies in X1X4, but {r2, 7-3} 7^ {23, 2:4}; 

(2) one of 7-2,7-3 lies in interior(a;3a;4), the other lies in interior^a^) or in intcrior^ia^); 

(3) f2, 7"3 both lie in X2X3 or both lie in 2:12:4; 

(4) 7-2,7-3 E interior (13 £4); 

(5) one of 7-2, 7-3 lies in interior (2:32:4) and the other lies in {23,0:4}; 

(6) {7-2,7-3} = {0-3,2:4}. 

Lemma 10.21. Case (1) cannot occur. 

Proof. Suppose case (1) occurs. We may assume 7-2 E interior^a^) and 7-3 £ x\Xi. Let X2 = 
(f*2, X2, rt), T3 = (7-3, xi, ri). Notice the side nr* of Ti contains at least two edges. By Proposition 
15.21 R is a right triangle and Z ri (X2, 7-2), Z n (x±, 7-3) < tt/2. Using the triangle inequality, one 
further concludes that Z ri (2:2, 7-2) = Z ri (2:1,7-3) = -|. Applying Proposition 15.21 again . one sees that 
R = (2, 3, 8) and there are two possibilities for Tf. 

(a) Both T2 and T3 are as shown in FigureCUb), in which case m{x) = 2 and Tj has angle 7r/8 at r,;; 

(b) Both T2 and T3 are as shown in Figure OJd), in which case m{x) =3 and Ti has angle 7r/8 at r». 
Suppose (a) occurs. Then 7-27-3 = 7-2 x U 2:7-3, and c = (7-2,7-3, 2:4, 2:3) is a quadrilateral if 7-3 7^ 2:4 

and is a triangle if 7-3 = 2:4. Since Tj has angle 7r/8 at (i — 2,3), we have d{c) < 0, contradicting 
to the fact that A is a CAT(— 1) space. 

Suppose (b) holds. First assume 7-3 = X4. Then Q' = (2:4, x, 7*2, £3) is a quadrilateral with 
d(Q') < cZ(Q). The assumption implies that supp(Q') is a closed disk and we can apply Corollary 
IT0~T1 Note Z x (r 2 ,r 3 ) = 2vr/3 and Z r2 (x,x 3 ) = 7tt/8. Hence d{Q') < 5tt/24 and n(Q') < 5. On the 
other hand, there are at least 7 chambers in supp(Q') that are incident to T2, a contradiction. 

Now assume rs ^ x\. Proposition 15.11 implies T2 X = Link(supp(T2), x) has length w. The 
segment 772/73 E Link(A,2;) has length 27r/3. Since Z x {r 3 ,r x ) = Z x (r 2 ,ri) = it, 7727/3 HT 2x either 
equals {772} or is a segment with length 7r/3. First suppose 772773 n T2 X = {^2}- Let y be the only 
vertex in interior (7-2 #2). Then 772(7/) = 2 and r 3 y = 7-32; U 2:77. Let Q± — (r^, 77, 2:3, 2:4). Then 
d{Qi) < d(Q) and supp(Qi) is a closed disk. Note d(Qi) < 3n/8. Hence n(Qi) < 9. Let us count 
the chambers in supp(Qi): since m(r 2 ) = 771(7-3) = 8 and r 2 E interior(?/2;3), there are at least 7 
chambers incident to 7-3 and at least 8 incident to 7-2. Hence n(Q\) > 15, contradiction. 
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Now suppose r\ir\3 (~l T 2x is a segment with length n/3. In this case (x,y,r 3 ) is the boundary 
of a chamber. In particular, r 3 y is an edge. The fact m(y) = 2 implies Z y (r 3 ,x 3 ) = 7r and 
T = (73, i£3, £4) C A' 1 ). Since Z ra (x,Xi) = Z r3 (x,y) — tt/8, we conclude Z r3 (x4, x 3 ) > 671-/8 and 
d(T) < 0, which is impossible. 

□ 

Lemma 10.22. Case (2) cannot occur. 

Proof. Suppose case (2) occurs. We may assume r 2 G interior(x 2 ^3) and r 3 € interior(x 3 X4). Let 
T = (ri, r 2 ,x 2 ), Qi = (x 1 ,r 1 ,r 3 ,x 4 ) and Q 2 = (x,r 2 ,x 3 ,r 3 ). Then d(Qi) < d{Q) (i = 1,2) and 
supp(Qi) is a closed disk. Since x £ interio^ri^), Proposition 15.21 applied to T implies R is a 
right triangle. Note m(x) ^ 2: otherwise Z x (r 2 ,r 3 ) = 7r, xr\ and a;r3 are extensions of r 2 x and 
we have case (1), which does not occur. Proposition 15.21 then implies R = (2, 4, 8), (2, 4, 6), or 
(2,3,8). Assume R = (2,4,8). Then A = tt/8, m(x) = 4 and Z T2 (x,x 2 ) = ir/8. It follows that 
Z r2 {x,x 3 ) — 7n/8. Note Z x {r 2 ,r 3 ) > n/2 since m(x) = 4 and Z x (r 2 ,r 3 ) is a nonzero even angle. 
Now d(Q 2 ) < 3tt/8 and n{Q 2 ) < 3, contradicting to the fact that there are at least 7 chambers in 
supp(Q2) incident to r 2 . Similarly R ^ (2,4,6). Hence R = (2,3,8). 

We claim m(v) ^ 8 for every vertex v € interior(rir2); in particular, m{x) — 3. Suppose 
there is a vertex v e interior(rir2) with m(v) = 8. Then Proposition 15.21 applied to T implies 
Z r2 (x,x 2 ) — Z ri (x,x 2 ) = tt/8 and m(v) = 2 or 8 for all vertices v on r\r 2 . It follows that 
Z ri {x.x\) — Z r2 (x,x 3 ) — 7n/8 and m(x) = 8 (since m(x) ^ 2). We count the chambers in 
supp(Qi): at least 7 chambers are incident to r*i and at least 8 are incident to x. Hence n(Q\) > 15. 
Corollary 110.71 applied to Qi implies Z r3 (x,X4) < 7r/4. It follows that Z ra (x,x 3 ) > 37r/4. Since 
^ x ( r 2,r 3 ) > 7r/4 and Z r2 {x,x 3 ) = 7n/8, we conclude d(Q 2 ) < 0, impossible. 

Since m{x) — 3, the two vertices in r\r 2 that are adjacent to x are indexed by 2 and 8 respectively. 
It follows from the last paragraph that one of the following occurs: 

(a) m(r 2 ) = 8 and xr 2 is an edge; 

(b) m(ri) = 8 and xr\ is an edge. 

First assume (a) holds. Then Proposition 15.21 implies Z r2 (x,x 2 ) = tt/8 or 27r/8. It follows that 
Z r2 {x,x 3 ) — 7n/8 or 671-/8. If Z r2 (x,xz) — 7ir/8, then n(Q 2 ) < 5, contradicting to the fact that 
there are at least 7 chambers in supp(Q2) incident to r 2 . If Z r2 {x,x 3 ) — 67r/8, then n(Q 2 ) < 8. 
A similar argument shows Z X3 (r 3y r 2 ) < 7r/3, in particular, m{x 3 ) ^ 3. It follows that there is a 
vertex v 6 interior^a^) with m{v) = 3. Now there are 6 chambers in supp(Q2) incident to r 2 and 
2 chambers incident to v but not to r 2 . Hence supp(Q2) is the union of these 8 chambers. However, 
this union is not a quadrilateral, a contradiction. 

Now we assume (b) holds. Then Z ri (x,xi) — 7ix/8 or 67r/8. On the other hand, either 
Z r3 (x 1 x 4: ) > tt/2 or Z r3 (x,x 3 ) > n/2. Assume Z r3 (x y x^) > tt/2 and Z ri (x,xi) — 7n/8. Then 
n(Qi) < 9. There are 7 chambers in supp(Qi) incident to r\ and 2 chambers incident to x but 
not to r\. It follows that supp(Qi) is the union of these 9 chambers. However, this union is not 
a quadrilateral, a contradiction. Now assume Z r3 (x,Xi) > tt/2 and Z ri (x 1 xi) = Qtt/8. Then 
Z ri (x,x 2 ) — 2ir/8. Proposition 15.21 implies that Z r2 (x,x 2 ) = tt/8. Hence Z r2 (x,x 3 ) — 7tt/8. Also 
note Z x (r 2 ,r 3 ) — 2tt/3. It follows that n{Q 2 ) < 5, contradicting to Z r2 (x,x 3 ) — 7tt/8. Therefore 
we have Z T3 (x,x^) < tt/2. It follows that Z r3 (x,x 3 ) > 5tt/8. Since Z. r2 (x,x 2 ) < tt/2, we have 
Z r2 (x, x 3 ) > tt/2. Consequently d(Q 2 ) < tt/\2 and n(Q 2 ) < 2. It follows that supp(Qi) is the union 
of the two chambers incident to x. In particular, m(r 3 ) = 2, contradicting to Z r3 (x,x 3 ) > 57r/8. 

□ 
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Proof. Suppose case (3) occurs. We may assume r2,r^ € X2X3 and T2 € interior(r3X2). Let T = 
(ri, r3, £2)- Since T2 € interior (r3 £2) and x € interior(r3?"i), Proposition 15.11 implies Z x {r\,r2) < tt, 
contradicting to the definition of T2- 

□ 

Lemma 10.24. Case (4) cannot occur. 

Proof. Suppose case (4) occurs. We may assume r^ £ interior(x4r2). Let T = (x,r2,rs), Q\ = 
(xi, r\, r3, X4) and Q2 — (X2, ri, X3). Then d(Qi) < d(Q) (i = 1,2) and supp(Qi) is a closed 
disk. Note T has an even angle at x. Proposition 15.21 implies R is a right triangle. We claim 
R = (2,3,8), that is, R ^ (2,8,8), (2,6,8), (2,6,6), (2,4,8), (2,4,6). We only show R ^ (2,4,8), 
the other cases can be handled similarly. Assume R — (2,4,8). Then Aq = tt/8. At least one of 
Z ri (x, xi), Z r± (x, X2) > tt/2. We may assume Z ri {x, Xi) > tt/2. Proposition 15 . 21 applied to T shows 
Z r2 (x,r^) < 7r/4, which implies Z r2 (x,x^) > 37r/4. It follows that d(Q<2) < tt/2 and n{Q2) < 4. On 
the other hand, since m(x) > 4 and Z r2 (x,X3) > 37r/4, there are at least 4 chambers in supp(Q2) 
incident to x, and at least 2 chambers incident to V2 but not to x. Hence n(Q2) > 6, contradicting 
to n(Q 2 ) < 4. 

We claim m{x) = 8. Assume ro(x) 7^ 8. Since T has an even angle at x, m{x) = 3. Proposition 
15 . 21 implies Z r2 (r 3 ,x) — Z r3 (r2,x) — tt/8. Then Z r2 (x3,x) = Z r3 (x4,x) = 7tt/8. At least one 
of Z ri (x,Xi), Z ri (x2,x) is > it/2. We may assume Z ri (x2,x) > tt/2. Then d(Q 2 ) < 37r/8 and 
"(Q2) < 9. We count the chambers in supp(Q2): at least 7 chambers are incident to r2 and at least 
2 chambers are incident to x but not to r 2 . Hence supp(Q2) must be the union of these 9 chambers. 
But this union is not a quadrilateral. Contradiction. 

Assume T is as shown in Figure ffid). We may assume ra{r^) — 2 and Z r2 (x,r^) = 7r/8. 
Since m(x) = 8, by counting the chambers in supp(Q2) incident to x and r%, we see n{Q2) > 15. 
Corollary 110.71 then implies Z rx {x,x<x) < tt/4. It follows that m{r\) = 8 and Z ri (x, x\) > 3tt/4. 
Note Z r3 (x4,x) — tt/2. Corollary 110.71 applied to Qi implies n(Qi) < 12. On the other hand, by 
counting the chambers in supp(Qi) incident to x and r\ we conclude n(Qi) > 14, a contradiction. 

Assume T is as shown in Figure EUL). Then Z T2 (rj,^x) — Z r3 (r2,x) = tt/3. At least one 
of Z ri (x,X\), Z ri (x2,x) is > tt/2. We may assume Z ri (x2,x) > tt/2. Corollary 110.71 implies 
"(Q2) < 14. It follows that m(v) ^ 8 for all vertices v € interior(a;ri). Notice the vertices on r\T2 
are periodically indexed by 8, 3, 2, 3. It implies that there are at most three vertices in interior(a;ri). 
Assume there is no or exactly two vertices in interior^ri). Then Z ri (x2,x) — 2tt/3. Corollary 
110.71 implies n{Q2) < 10. By counting the chambers in supp(Q2) intersecting r\T2 we see there 
cannot be exactly two vertices in interior(xri) and hence xt\ is an edge. In this case, there are 
at least 8 chambers in supp(Q2) incident to x, 1 incident to r2 but not to x and 1 incident to r% 
but not to x. It follows that supp(Q2) is the union of these 10 chambers. However, this union 
is not a quadrilateral, a contradiction. The counting argument also shows that it is impossible to 
have m(ri) = 8 (with Z ri (x,X2) > 7r/2). Hence there is exactly one vertex v £ interior(xri ) and 
m(v) = 3, m(ri) = 2. Since n(Q2) < 14 and x G interior(rir2) with m(x) — 8, m(z) ^ 8 for every 
vertex z 6 supp(Q2) different from x and the corners. Let C be the chamber in supp(Q2) containing 
vr\. C has a vertex v' 7^ x with m(v') — 8. Notice v' G r\X2- It follows that v' — X2- Consider the 
three chambers in supp(Q2) that are incident to v. Two of them are incident to X2- It follows that 
Z X2 (ri,x^) > tt/A. Corollary 1 1 . 71 then implies n(Q2) < 11. One observes that there are at least 11 
chambers in supp(Q2) intersecting ri7"2, but their union is not a quadrilateral, a contradiction. 

For the remaining cases, Z r2 (r^,x) and Z r3 (r2,x) < tt/A hold. In particular, m{r2) = m{r^) = 8 
and Corollary 1 1 . 71 implies n{Qx) < 12 or n{Q2) < 12. We may assume n(Q2) < 12. On the other 
hand, n(Q2) > 14 since there are at least 8 chambers in supp(Q2) incident to x and at least 6 
incident to T2- A contradiction. 

□ 



Mostow rigidity for Fuchsian buildings 



57 



Lemma 10.25. Case (5) cannot occur. 

Proof. Suppose case (5) does occur. We may assume r 2 — x% and r% <E interior(x3X4). Let T\ = 
(r 1 ,x 2 ,x 3 ), T 2 — (x,x 3 ,r 3 ) and Q' = (xi, r 1 , r 3 , x 4 ). Then d(Q') < d(Q) and supp(Q') is a closed 
disk. Note T 2 has an even angle at x. It follows that R is a right triangle and m(x) ^ 2. We 
claim i? = (2,3,8). Suppose R ^ (2,3,8). Then A < rr/12. Proposition O applied to Ti and T 2 
implies Z ra (x, X3), Z ri (x, X2) < 7r/4. It follows that Z ri (x, xi), Z ra (x, X4) > 37r/4 and d(Q') < 7r/4. 
Corollary 1 1 . 71 then implies n(Q') < 3. On the other hand, since R ^ (2,3,8) is a right triangle and 
m(x) ^ 2, we have m(x) > 4. It follows that n(Q') > 4, contradicting to n(Q') < 3. 

Assume m(x) = 3. Recall T 2 has an even angle at x. Proposition 15.21 applied to T 2 and T\ 
implies Z r3 (x,X3) = 7r/8, Z ri (x,X2) < 7r/2. It follows that Z r3 (x4,x) = 77r/8 and Z ri (xi,x) > 7r/2. 
Consequently, d(Q') < 3ir/8 and n(Q') < 9. There are at least 7 chambers in supp(Q') incident 
to r3 and at least 2 incident to x but not to r3. Hence supp(Q') must be the union of these 9 
chambers. However, this union is not a quadrilateral, a contradiction. Therefore m(x) = 8. Then 
Proposition 15.21 implies Z n (x,X2) = 7r/8, Z r3 (x,X3) < ir/2. In particular, m(ri) = 8. It follows 
that Z ri (xi,x) = 7ir/8, d(Q') < 3ir/8 and n{Q') < 9. On the other hand, there are 8 chambers in 
supp(Q') incident to x and 7 incident to r\. Hence n(Q r ) > 15, a contradiction. 

□ 

Lemma 10.26. Suppose case (6) occurs. Then R = (2,3,8) and supp{Q) must be as shown in 
Figure IJM 

Proof. We may assume r 2 = X3 and r% — X4. Let T\ — (xi,ri,X4), T 2 — (x2,ri,X3) and T3 = 
(x,X3,X4). Note T3 has an even angle at x. It follows that R is a right triangle and m(x) > 3. We 
claim R = (2,3,8). Suppose R ^ (2,3,8). Then Proposition 15.21 applied to Ti (i = 1,2) implies 
Z ri (x,Xi) < 7r/6. By the triangle inequality Z ri (xi,x 2 ) < 7r/3, contradicting to r\ € x\x 2 . 

We claim m(v) 7^ 8 for every vertex v in the interior of riX3 or riX4. Suppose m(v) = 8 for some 
vertex v £ interior(riX3). Then Proposition 15.21 applied to T 2 implies Z ri (x 2 ,x) = 7r/8. It follows 
that Z ri (x,xi) > 77r/8 and d(Ti) < 0, which is impossible. In particular, m(x) 7^ 8 and hence 
m(x) = 3. Since T 3 has an even angle at x, Proposition 15 . 21 implies supp(Ts) is as shown in Figure 
l^e). On the other hand, Proposition l5 . 21 applied to 7\ and T 2 shows Z ri (x,xi) < it/2, Z ri (x,x 2 ) < 
7r/2. Triangle inequality further implies Z ri (x, xi) = Z ri (x, X2) = 7r/2. Now Proposition l5 . 21 applied 
to Ti and T 2 again implies that supp(Ti) (i = 1, 2) must be as shown in Figurc|3Jd), with m(x) = 3. 
The lemma is proved. 

□ 

The proof of Proposition 15 . 31 is now complete. 
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